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This  work  develops  integration  theories  for  functions  which  take  their  values  in 
a  locally  convex  space.  The  first  three  integrals  are  defined  with  respect  to  a  probability 
measure.  The  principal  application  of  these  integration  theories  is  to  the  development  of 
Radon-Nikodym  theorems  for  vector  valued  measures. 

The  first  integral  defined  is  the  strong  integral.  The  strong  integral  is  defined  as 
a  limit  of  the  integrals  of  simple  functions.  The  standard  properties  of  the  integral  are 
also  presented.  The  second  integral  discussed  is  the  weak  integral.  This  is  an  extension 
of  the  classic  Pettis  integral.  The  third  integral  defined  is  the  seminorm  integral.  Once 
again,  simple  functions  are  employed  to  define  the  integral.  In  each  of  these  three 
situations,  the  type  of  integral  which  is  appropriate  corresponds  to  the  measurability 
possessed  by  the  function. 


As  a  point  of  reference,  Radon-Nikodym  results  for  Banach  valued  measures  are 
reviewed.  The  integral  used  in  this  setting  is  the  Bochner  integral. 

The  initial  Radon-Nikodym  theorem  derived  involves  a  density  which  is  integrable 
by  seminorm.  The  hypotheses  required  include  the  topological  concept  of  the  average 
range.  It  is  assumed  that  the  average  range  is,  in  some  sense,  small.  The  next  concept 
introduced  is  that  of  dentability.  The  connection  between  a  den  table  average  range  and 
a  small  average  range  is  exploited  to  obtain  a  Radon-Nikodym  theorem.  Further 
topological  properties  of  the  average  range  are  shown  to  imply  the  existence  of  a  Radon- 
Nikodym  density.  The  last  Radon-Nikodym  theorems  presented  involves  a  density  which 
is  strongly  integrable. 

Another  integral  is  then  developed  which  follows  the  Daniell  integral.  It  is  then 
shown  that  every  strongly  integrable  function  is  also  Daniell  integrable.  The  last  integral 
developed  is  a  bilinear  integral.  The  functions  take  their  values  in  the  dual  of  a  reflexive 
nuclear  space.  The  measure  will  take  values  in  L(E',F),  where  F  is  another  locally 
convex  space. 


VI 


INTRODUCTION 


Integration  theory  comprises  a  significant  branch  of  mathematics.  In  the  nineteenth 
century,  G.  Riemann  clarified  the  concept  of  the  integral  of  real-valued  functions.  The 
classic  Lebesgue  theory  facilitated  the  integration  of  a  larger  class  of  real-valued 
functions.  The  Lebesgue  theory  intimately  connected  the  concepts  of  measures  and 
integrals. 

An  integration  theory  for  vector-valued  functions  was  developed  by  Bochner 
(1933).  In  particular,  the  functions  took  their  values  in  a  Banach  space.  The  motivation 
for  the  Bochner  integral  is  to  obtain  representation  theorems  for  operators  on  function 
spaces.  In  particular,  the  Riesz  Representation  Theorem  states  that  a  continuous  linear 
operator  defined  on  the  space  of  infinite  dimensional  continuous  functions  may  be 
represented  by  means  of  a  Bochner  integral.  The  Bochner  integral  is  also  sometimes 
referred  to  as  the  Dunford  and  Schwartz  integral. 

An  alternative  integral  was  required  for  functions  which  are  only  weakly 
measurable.  The  weak  integral  was  established  by  Pettis,  Dunford  and  Gel'fand.  The 
basic  properties  of  the  weak  integral  appear  in  a  work  by  Pettis  (1938). 

An  alternative  approach  to  developing  an  integration  theory  was  introduced  by 
Daniell  (1917)  and  (1917a).  The  integrals  previously  discussed  are  dependent  upon  an 
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underlying  measure  space  and  develop  from  properties  of  the  measure.  The  Daniell 

approach  initially  considers  integrals  as  linear  operators  on  a  space  of  functions.  We 

begin  with  a  linear  operator  that  has  the  properties  which  are  desirable  in  an  integral. 

The  Daniell  integral  is  developed  without  assuming  the  existence  of  a  measure. 

Coincidental  to  the  development  of  the  Bochner  integral  was  the  consideration  of 

Radon-Nikodym  theorems  for  vector-valued  measures  using  the  Bochner  integral.  Three 

main  approaches  to  these  theorems  have  arisen.  Let  m  be  a  vector- valued  measure  and 

let  P  be  a  probability.  The  average  range,  m-ave(A),  of  a  set  A  is 

m{B) 


m-ave{A)    =  |    ^^     :  B^A,  P{B)  >  ol 


The  first  approach  considers  the  topological  characteristics  of  the  average  range  of  the 
vector-valued  measure.  Significant  results  of  this  type  were  obtained  by  Dunford  and 
Pettis  (1940)  and  Phillips  (1943). 

The  second  approach  was  to  consider  the  problem  from  the  viewpoint  of  operator 
theory.  Many  of  the  developments  in  this  area  were  obtained  by  Grothendieck. 

A  fundamental  approach  to  the  existence  of  a  Radon-Nikodym  derivative  is  that 
initiated  by  Rieffel  (1968).  In  this  paper,  Rieffel  exploited  the  geometric  concept  of 
dentability.  The  relationship  between  dentability  of  the  average  range  and  the  existence 
of  a  Radon-Nikodym  derivative  are  investigated. 

Unless  otherwise  noted,  the  setting  for  the  first  five  chapters  is  the  following.  Let 
(Q,i;,P)  be  a  complete  probability  space.  Assume  that  P  is  a  countably  additive 
probability  measure,  S    is  a  a-algebra  of  subsets  of    fi    and    E    is  a  locally  convex 
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topological  vector  space.  The  topology    t    of    E    is  generated  by  the  family  IP    of 

continuous  seminorms. 

The  main  purpose  of  this  dissertation  is  to  derive  the  Radon-Nikodym  theorem 
in  a  locally  convex  setting  and  to  develop  the  integration  theory  in  this  setting  to 
accomplish  this  goal.  Chapter  I  presents  the  necessary  properties  of  locally  convex 
spaces.  For  a  more  extensive  discussion  of  the  basic  properties  of  locally  convex  spaces 
see  the  following  standard  references,   Treves  (1967)  and  Grothendieck  (1973), 

The  first  main  objective  is  to  define  an  integral  for  functions  f:  Q  ^  E.  This 
integral  will  then  be  a  set  function  on   E  taking  values  in  E.  It  will  be  denoted  by 

\i(A)   -  f  f  dP. 


A 


Three  different  types  of  integrals  shall  be  presented  in  Chapter  II.  They  will  be 
the  strong  integral,  the  seminorm  integral  and  the  weak  integral.  The  first  two  are 
developed  through  the  use  of  simple  functions.  The  primary  difference  between  these  two 
integrals  lies  in  the  requirements  for  the  sequence  of  simple  functions  which  determine 
the  integral.  As  one  may  deduce,  the  strong  integral  possesses  more  restrictive 
conditions.  It  will  easily  be  seen,  that  any  function  which  has  a  strong  integral  also  has 
a  seminorm  integral.  We  shall  show  that  both  of  these  integrals  posses  many  of  the 
standard  properties  associated  with  integrals,  for  example,  linearity  and  convergence 
theorems. 

The  weak  integral  discussed  is  an  extension  of  the  well-known  Pettis  integral.  For 
the  first  three  integrals,  the  integrability  of  the  function  will  correspond  to  the  type  of 
measurability  the  function  possesses. 
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A  natural  topic  to  consider  when  developing  an  integration  theory  is  Radon- 

Nikodym  theorems.  In  other  words,  what  properties  must  be  satisfied  so  that  a  given  E- 

valued  set  function  may  be  represented  as  the  integral  of  a  Radon-Nikodym  density.  In 

Chapter  III  we  shall  present  a  brief  historical  review  of  the  earliest  Radon-Nikodym 

theorems  for  Banach- valued  set  functions.  Many  of  the  significant  results  in  this  area 

were  initially  presented  by  R.  Phillips,  B.  J.  Pettis  and  N.  Dunford. 

It  is  only  within  the  past  fifteen  years  that  significant  developments  have  occurred 
with  respect  to  integration  of  functions  taking  their  values  in  more  abstract  locally  spaces, 
see  Blondia  (1981)  and  (1981a).  This  is  especially  true  in  the  area  of  Radon-Nikodym 
theorems. 

This  author  has  concentrated  on  obtaining  Radon-Nikodym  results  for  a  density 
which  is  integrable  by  seminorm.  These  results  comprise  Chapter  IV.  The  first  main 
result  approaches  the  problem  topologically.  In  particular,  we  require  that  the  average 
range  be  small  in  some  sense.  The  average  range  has  been  a  focus,  with  respect  to 
Radon-Nikodym  problems,  since  Phillips'  work  with  the  Bochner  integral  for  Banach- 
valued  set  functions. 

We  shall  then  approach  the  problem  geometrically.  The  geometric  concept  of 
dentability  is  introduced.  It  will  be  shown  that  if  the  average  range  is  dentable,  then  a 
density  does  in  fact  exist.  Additional  results  will  then  follow  by  relating  dentability  to 
other  topological  properties,  namely  relative  compactness  and  relatively  weak 
compactness.  Finally,  it  will  follow  as  a  corollary  that  in  a  reflexive  quasi-complete 
space  a  density  exists  if  the  average  range  is  bounded. 
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To  obtain  similar  results  for  the  strong  integral,  we  must  impose  the  requirement 

that  the  family  of  seminorms  IP  which  generate  the  topology  be  countable.  As  a  result, 

all  of  the  Radon-Nikodym  results  obtained  will  hold  for  a  strongly  integrable  density 

when  the  locally  convex  space  is  a  Frechet  space. 

In  Chapter  V  we  shall  turn  our  consideration  to  the  development  of  a  Daniell-type 
integral.  Initially,  the  Daniell  integral  presented  will  apply  to  more  general  settings  than 
we  are  considering.  The  focus  will  then  be  narrowed  to  the  same  setting  as  was 
considered  for  the  previous  three  integrals.  The  culmination  of  the  chapter  will  show  that 
every  strongly  integrable  function  is  also  Daniell  integrable. 

In  Chapter  VI,  the  functions  and  measures  will  both  be  vector- valued.  In 
particular,  the  function  takes  its  values  in  the  dual  E'  of  a  reflexive  nuclear  space  E. 
The  dual  is  also  nuclear.  The  measure  will  take  its  values  in  L(E',F),  where  F  is 
another  locally  convex  space.  The  objective  of  the  chapter  shall  be  to  define  a  integral 
which  will  be  a  mapping  from  F'  to  the  scalar  field  of  real  numbers. 


CHAPTER  I 
FUNDAMENTALS  OF  LOCALLY  CONVEX  SPACES 


1.  Measures 

We  begin  by  recalling  some  of  the  definitions  which  will  be  needed  in  the 
following  discussion. 

Definition  1.1:  A  set  function  ju  is  a  function  whose  domain  is  a  family  of  sets. 
We  will  be  interested  in  set  functions  which  take  their  values  in  a  locally  convex 
space  E. 

Definition  1.2:  A  locally  convex  valued  set  function  /x  on  a  family  of  sets  S 
is  said  to  be  countably  additive  if  for  each  infinite  sequence  {Aj  of  disjoint  sets  that 
belong  to  S  the  following  equality  holds 

CO  "* 

1  1 

Definition  1.3:  A  measure  /x  on  S  is  a  countably  additive  set  function  with  the 
property  that  ju(0)  =  0. 

Definition  1.4:  A  function  g  is  a  null  function  if  g(w)  =  0  when  w  ^  N  and 
P(N)  =  0. 
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We  shall  denote  by   F(Q,i;,P,E)   the  set  of  all  functions  defined  on    Q   taking 

values  in  a  locally  convex  space  E.  Actually  each  function  in  F(fl,S,P,E)  represents  an 

equivalence  class.  The  equivalence   [f]  G  F(n,E,P,E)  is  the  following 

[f]  =  {g:ii-^E  I   f(cj)  =  g(cj),  V  w^N,  where  N  is  a  null  set}.  The  equivalence  relation 

is  that  two  functions  are  equivalent  if  they  agree  except  on  a  null  set.  The  fact  that  this 

is  an  equivalence  relation  is  clear.  F(fi,E,P,E)  may  also  be  denoted  by   F(Q,E,P),  F(P) 

or  F(Q). 

2.  Convergence  and  Measurability 

We  now  define  some  of  the  types  of  convergence  which  will  occur  and  we 
introduce  the  concept  of  measurable  functions. 

Definition  2.1:  A  sequence   {x„}   in  E  converges  to  x  if  and  only  if  to  every 

seminorm  p  G  IP  and  e  >  0  there  is  an  integer  n(p,e)  such  that  if  n  >  n(p,e)  then 

p(x  -  xj  <  e.  We  denote  this  convergence  by  writing  x„  ^  x  or 

lim  x^  -  X. 

Definition  2.2:  Let  {f„}  be  a  sequence  of  functions  where  4  ^  F(fi,2:,P,E).  We 
say  that  4  converges  almost  everywhere  to  f  if  there  exists  a  function  f  G  ¥(Q)  such 
that  P{w  :  lim  f„(aj)  9^  f(aj)}  =  0. 

Recall  that  a  real  valued  function  f  is  measurable  if  f  ~^(B)  G  E  for  all  Borel 
sets   B  C  m. 

Definition  2.3:  Let  f  G  F(n,S,P,E)  be  an  arbitrary  function,  f  is  said  to  be  : 

(i)  strongly  measurable  if  there  is  a  sequence    {f„}    of  simple  functions  in  F(fi) 
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such  that  f„  converges  almost  everywhere  to   f  ; 

ii)  measurable  by  seminorm  if  for  each  p  G  IP   there  exists  a  null  set  X^   and 

a  sequence  of  simple  functions   {f^  J   such  that  for  all  x  G  fl\X^, 

lim  p{f       (x)  -fix))    =  0    ; 

(iii)  weaMy  measurable  if  for  each  linear  functional  y'  G  E',  where  E'  is  the 
dual  of  E,    <y',f>    is  measurable. 

We  now  define  some  additional  types  of  convergence  of  sequences  of  functions. 

Definition  2.4:  Let  {f„}  be  a  sequence  of  functions  in  F(Q,i;,P,E).  We  say  that 
{fn}  converges  uniformly  on  Q  to  f  if  there  exists  a  function  f  G  F(n)  such  that  for 
every  neighborhood  of  zero  9,  that  is  0  G  9  G  Te,  there  is  an  integer  Nq  such  that 
if  n  >  Ne  then  f„(a3)-f(co)  G  9   for  all   co  G  Q. 

Definition  2.5:  Let  {f„}  and  f  be  as  above.  We  say  that  {Q  converges  almost 
strongly  uniformly  to  f  on  Q  if  for  every   e  >  0  there  is  a  set  F  G  E  with 
P(F)  <  e  and  such  that   {Q   converges  uniformly  to   f  on   n\F. 

Definition  2.6:  Let  {f„}  and  f  be  as  above.  We  say  that  {Q  converges  almost 
uniformly  with  respect  to  o  to  f  on  Q  if  for  every  e  >  0,  5  >  0  and  p  G  IP,  there 
is  an  integer  N(p,e)  and  a  set  F  G  E  with  P(F)  <  5  such  that,  if  n  >  N(p,e)  and 
0)  G  fi\F,  then  p(f„(co)-f(a)))  <  e. 

Lemma  2.1:  Assume  the  basis  of  seminorms  !P  is  countable.  If  {fj  is  a 
sequence  of  measurable  functions  in  F(Q,i:,P,E),  then  {fJ  converges  almost  strongly 
uniformly  to  f  if  and  only  if  fjoi)  converges  to  /fajj  P-almost  everywhere. 


Proof. 

We  begin  by  proving  the  necessity.  Suppose  that  {4}  converges  almost  strongly 
uniformly  to  f.  Let  F„  G  E  be  such  that  P(FJ  <  1/n  and  {Q  converges  uniformly 
on  n\F„.  Let  F  =  fl  Fn  where  the  intersection  is  taken  over  all  sets  F„,  then  P(F)  =  0 
and  f„(a))  converges  to  f(co)  on   n\F. 

We  now  consider  the  sufficiency  of  the  hypotheses.  Suppose  that  F  is  a  null  set 
such  that  f„(a))   converges  to  f(a))   for  each   w  G  fi\F.  Fix  a  seminorm  p  G  P. 
Let  Fk,„  =  {co:  co^F,  p(f,(co)-f(cj))  <  1/m  for  r  >  k},  then  F^.^  ^  p^+i^.  And  since 
f„(cj)  converges  to  f(co)   for  each   cj  G  Q\F,  U  F^^  =  Q\F  for  all  m.  So  for  each 
6  >  0  and  each  integer  m  we  can  find  an  integer  k(m)  such  that  P(Q-Fk(m),  J  <  6/2". 

Let  A,  =  nFK(m),m,  m  =1,2,..,  then  P(n-AJ  <  e  while 
p(fk(w)-f(a)))  <  1/m  for  k  >  k(m)  and  o)  G  A,  Since  p  was  arbitrary,  we  conclude 
that  {fj  converges  uniformly  to  f  on  A,.  This  shows  that  {fj  converges  almost  strongly 
uniformly  to  f  on  Q.    ■ 

Note  that  a  countabilty  assumption  was  not  used  in  proving  the  necessity.  We  now 
drop  the  hypothesis  that  the  family  of  seminorms  is  countable  and  consider  the  following 
result. 

Lemma  2.2:  Let  {fJ  be  a  sequence  of  measurable  Junctions  which  converges 
almost  uniformly  with  respect  to  p  to  f  Then  f  converges  to  f  almost  everywhere. 
Proof. 

Let  6  >  0  be  given  and  let  p  be  an  arbitrary  seminorm.  Choose  F„  G  E  such 
that  P(FJ  <   1/n    and  for    w  G  n\F„,  we  have    p(4(w)-f(a)))  <  e,  when  k  is  large 
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enough.  Now  let  F  =  fl  Fn,  n  =  1,2,...,  then  P(F)  =  0.  Consequently   f„  converges 

tofon   n\F.    ■ 

Lemma  2.3:  Let  {fj  be  a  sequence  of  Junctions  which  converge  to  fin  measure. 
For  each  seminorm  p  E  P  there  is  a  subsequence   {f„fj   such  that  {f^^J   converges 
almost  uniformly  with  respect  to  p  to  f. 
Proof. 

Fix  a  seminorm  p.  We  can  construct  a  sequence  n(k)  of  positive  integers  by 
choosing  n(l)  such  that  P{  wGQ:  p(f„(i)(u)-f(a)))  >  1  }  <  1/2,  and  then  choosing  the 
remaining  terms  inductively  so  that  n(k)  >  n(k-l)  and 

p{(3i£Ci:   pif^^^^  (o))-f(a>))  >±)  i  Ji- 

holds  for  k  =  2,3,...  Define  sets   A^,  k  =  1,2,..  by 

A^-{(0€Q:    p(f^(j,)  (w)-f((0))>^}. 

Let  Bj=  UAk  for  k=j,j  +  l,...  For  co  G  n\Bj,  p(f„(k)(w)-f(w))  <  1/kwhenk  >  j.  Also 

holds  for  each  j.  So  for  arbitrary   e,5  >  0  choose  j   large  enough  such  that 

1/2J"^  <  5  and    1/j  <  e.  Therefore  the  subsequence  converges  almost  uniformly  with 

respect  to  p.    ■ 

Definition  2.7:  Let  the  sequence   {Q   and   f  be  functions  in  F(Q,E,P,E).  The 
sequence  is  said  to  converge  to  f  in  measure  if  for  each  seminorm  p  G  IP   and  for 
each   e  >  0 
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lim  P(a)6Q  :   p  (f^(a)) -/(o)  )  >e}  -  0 . 

Theorem  2.4:  A  sequence  of  measurable  Junctions  convergent  in  measure  has  a 
subsequence  which  converges  almost  everywhere. 
Proof. 

This  follows  from  Lemma  2.2  and  Lemma  2.3.    H 

We  now  discuss  additional  modes  of  convergence  and  introduce  notation  used  to 
describe  convergence. 

Definition  2.8:  Let  {x„^}  be  a  sequence  in  E,  then  we  say  the  sequence 
converges  in  n  and  m  to  x  if  for  every  p  E'P  and  e  >  0  there  is  an  integer  N(p,e) 
such  that  if  n  >  N(p,e)  and  m  >  N(p,e)  then  p(x^^^  -  x)  <  e.  This  may  be  written 
as  x„,,n-*x  or 


n,m 


Definition  2.9:  Let    {4}    be  as  above,  the  sequence  is  said  to  be  Cauchy  in 

measure  if  for  each  seminorm  p  E  IP   and   e  >  0 

lim  PioeQ  :   p  {f„i(s>)  --f^(o))  )  >e)  =  0  . 

n,m 

Lemma  2.5:  Let  f  and  g  be  functions  in  F(Q,11,P,E)  then 

a)  the  mapping    (f,g)  -^f+g   is  a  continuous  map  of  F(Q)xF(U)   into 

F(Q)  ; 

b)  for  a  fixed  scalar  a,  the  map  f-^af  is  a  continuous  map  of  F(Q)  into 

itself; 

c)  if  (fj   converges  to  f  in  measure  then   {p(fj}   converges  to  p(f)  in 

measure  with  respect  to  the  absolute  value  for  each  p  E  J'  ; 
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d)  tf    fn^f    almost  everywhere  then     p(fj     converges  to     pff) 

almost  everywhere  for  each  p  E  y. 

Proof. 

a)  If  f„-»  f  and  g^  -*  g  then  for  each  p  G  J>,  we  have 

P(fn   +   gn  -  (f  +   g))    ^    P(fn  '  f)    +   /0(g„  "  g)  -  0. 

Consequently,   f+g  is  continuous. 

b)  If  a  =  0  the  statement  is  trivial.  Assume  that  a  9^  0. 'Let  e  >  0  be  given 
and  let  p  £  T»  be  arbitrary.    Clearly,  the  following  sets  are  equal, 

{co  G  Q  :  p(af„(w)  -  af(co))  >  e  }  =  {  w  G  fi  :p(f„(a))-f(a)))  >  e/  \  a  \    }. 
Consequently,  if  f„  ^  f  then  af^  -^  af.  Therefore  the  map  f  ^  af  is  continuous. 

c)  This  statement  follows  from  the  inequality 

I  p(f»)-p(f(co))  I  <  p(f»-f(p)). 

d)  This  also  follows  from  the  inequality  stated  in  c).    ■ 

3.  The  Pettis  Theorem 

The  relationships  between  the  different  types  of  measurability  are  discussed  in 
Theorems  5  and  6  of  Delanghe  and  Blondia  (1978)  and  in  Blondia  (1981),  In  particular 
we  have  the  following  result.  This  will  be  necessary  in  the  proof  of  the  Radon-Nikodym 
theorem  in  Chapter  IV. 

Theorem  3.1  TPettis'):  A  function  f  G  F(Q,i:,P,E)  is  measurable  by  seminorm 
if  and  only  if 

i)  f  is  weakly  measurable 
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and 

ii)for  each   p  ^  T,  there  exists  a  null  set  Xg^^  C  Q,  such  that  f[U\XoJ   is 
separable  for  p. 
Proof. 

Initially,  we  suppose  that  f  is  measurable  by  seminorm.  Choose  an  arbitrary 
linear  functional   e'  E  E'.  There  exists  a  seminorm   p  e  IP    and  a  constant   C  >  0 
such  that    |e'(e)|   <  Cp(e),  for  all   e  e  E.  This  is  a  standard  property  of  topological 
vector  spaces,  see  p.  64  of  Treves  (1967). 

Since  f  is  measurable  by  seminorm  ,  there  exists  a  null  set  Xq,^  and  a  sequence 

of  simple  functions   {g^  J   such  that,  for  all  w  e  QVXq,^, 

lim  p(f  (o)  -gr   ^(w)  )    =  0  . 

Therefore,  by  the  choice  of  p  we  have,  for  a?  £  fi\Xo_^ 

lim  <e',g      i(x))>  -  <e',f(ci)>. 

That  is,  <e',f>  is  measurable  on  fi\Xo,^,  so  <e',f>  is  measurable  on  all  of  Q, 
since  it  agrees  with  a  measurable  function  almost  everywhere.  Finally,  we  may  conclude 
that  f  is  weakly  measurable. 

We  now  show,  that  for  each  seminorm  p  €  P,  there  exists  a  null  set  Xq^^  such 
that  f[n\Xo  J  is  separable  for  p.  Let  {g^  J  be  a  sequence  of  simple  functions  and  let 
Xo,^  be  as  before.  Let  D^  =  IJ  g^„[Q]  ,  where  n  =  1,2,...  Then  D^  is  a  countable  set 
which  is  dense  for  p  in  f[Q\Xo,^].  We  conclude  that  f[n\Xo,J  is  separable  for  p. 
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To  complete  the  proof,  suppose  that  f  is  weakly  measurable,  that  is,  for  each 

linear  functional  e'  G  E',    <e',f>  is  measurable.  Fix  a  seminorm  p  G  T.  Let  Xq,^ 

be  a  null  set  such  that  f[Q\XoJ   is  separable.  For  n  =  0,1,2,..   do  the  following. 

Let   U„  =  B^(0,l/n+l),  the  p-ball  centered  at  the  origin  with  radius  1/n+l.  For  an 

arbitrary  nonconstant  linear  functional  e'  G  E',  let  «„  =  e'[UJ  C  R.  Since  «„  is  a 

convex  set,  it  follows  that    (e'  of) '[a J  is  a  measurable  set,  since  f  is  assumed  to  be 

weakly  measurable.  For  each  set     o!„     there  exists  a  countable,  disjoint  family  of 

translations   D„  =  {Q!(n,k)  :  k  =  0,1,2,..}  such  that 

f[Q\;ro    ]   e   U   f[a.{n.k)]  . 

•^  Jc-l 

Let  T„  =  {0,l,2,..n}°.  For  any  n-tuple  j  G  T„,  let 

P(j)    =    l^a(i,j,) 

i-i 

and  for  m  =  0,l,..,n-l,  let 

J7!+l 

i-o  1-0 


m  J7!+1 

^{j/m)   =    na(i,j^)\na(i,jj  . 


Then   {iS(j/m):  j  G  T„,  m  =  0,l,..,n  }  is  a  finite  disjoint  subfamily  of  E.  If 

/3(j/m)  ?i  0  ,  let  e(i/m)  G  f[/3(j/m)]  and  for  w  G  Q  define 

rr  i^\   -  feij/m)  if  CO  G  |8(j/m)  for  some  m  <  n 

otherwise 
Clearly   g„  is  a  simple  function. 

It  still  needs  to  be  shown  that   g„   converges  to   f  almost  everywhere.  Choose 

an  arbitrary  point   o  G  Q\Xo,^  .    Let    e  >  0   be  given.  Choose  an  integer   N   large 

enough,  such  that   1/N  <  e  and  let   {k;}   be  the  sequence  with   oj  G  oi(iX)   for 
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i  =  0,1,2,..    For  any  integer    n  >  max{N,ko, . . ,!<„}     we  have    x  €  i8(j/m)    for 

appropriate  integers  j  e  T„  and  m,  where  N  <  m  <n.  Therefore  we  may  conclude 

that   i8(j/m)  <^  "(N.Jn).  Since  p-diameter(f[/3(j/m)])  <  1/m  <  1/N  <  e,  we  see  that 

p(f(c«))  -  g„(w))   <   e.  Since    p    was  arbitrary  we  conclude  that  f  is  measurable  by 

seminorm.    ■ 

We  shall  now  consider  under  what  conditions  all  types  of  measurability  are 
equivalent.  Recall  that  a  space  E  is  called  Suslin  if  it  is  Hausdorff  and  there  exists  a 
Polish  space  P  and  a  continuous  map  (p:  P-»E  onto  E.  A  Polish  space  is  a  separable 
space  that  can  be  metrized  by  means  of  a  complete  metric.  With  the  assumption  that  E 
is  a  locally  convex  Suslin  space  we  have 

Theorem  3.2:  The  following  are  equivalent: 
(i)  f  is  weakly  measurable  ; 
(ii)  fis  measurable  by  seminorm  ; 
(Hi)  fis  strongly  measurable. 
Proof. 

See  Proposition  2.3  of  Blondia  (1981).    ■ 

An  example  of  a  weakly  measurable  function  that  is  not  strongly  measurable  may 
be  found  in  Example  5  on  p.43  of  Diestel  and  Uhl  (1977). 


CHAPTER  II 
THE  INTEGRAL 


1  ■  The  Integral  of  Simple  Functions 


We  now  begin  the  process  of  defining  integrals  for  functions  f  E  (n,E,P,E). 
Initially,  the  integral  will  be  defined  for  a  small  class  of  functions. 

Definition  1.1:  We  say  that  f  E  (Q,S,P,E)  is  a  simple  function  if  it  may  be 
written  as  f  =  Eajl  k,  where  «;  £  E  and  F;  €  2  and  the  Fi's  are  disjoint  and  the 
sum  is  finite.  In  other  words,  f  takes  on  only  finitely  many  values.  Simple  functions 
will  provide  one  of  the  foundation  for  our  development  of  an  integration  theory. 

Definition  1.2:  Let  f  be  a  simple  function  as  defined  above,  then  the  integral  of 
f  over  Q  is    j  J(o})  dP  =  EaiP(Fi).  The  symbol    j  „  f(aj)  dP   may  be  written 
j  f  dP.  For  any  set  F  G  S,  the  integral  of  f  over  F  is    j  p  f(w)  dP  =  E  aiP(F  f]  F;). 
The  shorter  notation    j  p  f  dP  may  also  used  when  there  is  no  confusion  possible. 

We  now  see  that  the  value  of  the  integral  does  not  depend  on  the  particular 
representation  used. 

Theorem  1.1:  The  integral  of  f  over  Q   is  independent  of  representation. 
Proof. 

Assume  that  f  has  the  following  two  representations 

ta,l         and      t^^l 
i-i         "■  j-i         J 
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i-1  i-1 
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We  can  assume  that    U  Fi  =  U  Gj.    Also,  if   Fif]Gj^  0    then    «;  =  jSj.  By  the 

definition  of  simple  functions  we  can  state  that 

ta^PiF^)   -   ta^PiPfiQ) 

'   '  i-l 

=  ta^P{F/){(}Gj)) 

i-l  j-l 

-  Sa^pdJ  (F^riGj) 

i-i      j-i 

i-l       J-l 

-    t  ta,P{Ff\G.) 
i-ij-i 

=    tt^jPiPfiGj) 

j-li-l 

=    f;p.P(0  {F/)GA) 

J-l  i-l 

J-l  i-l 

=  f  p.p(G.nQ) 

J-l 

=    t^jPiGj). 


Therefore  the  integral  of  f  is  independent  of  representation.  ■ 

2.  Properties  of  the  Integral 

The  following  result,  that  the  integral  is  linear,   follows  quickly  from  the 
definition. 

Theorem  2.1:  Let  f  and  g  be  simple  Junctions  and  let  y  be  a  scalar,  then 

a)  \  yfdP   =   y  UdP; 
and 

b)  I   (f+g)  dP   =    I  fdP   +    \  gdP. 
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Proof. 

Suppose  that  f  and  g   may  be  represented  respectively  by 
f  ~   lla  ^Ip         and       gr  -   E  P  •!„  . 

Assume  that  U  F;  =  U  Gj,  then  we  have 


fyf  dP  =  iyaiPiFi) 

J  i-l 

=  yta^PiF^) 

i-l 

=  yff  dp . 


Also 


({f+g)dP-   tt(a^+Pj)P{Ff\G.) 

J  i-lj-l 

-  tta  ,P{Ff\G.)  +  f  f  p  .P{Ff\G.) 
i-lj'-l  i-lj-l 

i-l  j-1 

-  /i'dP  +fgdP.  m 


Clearly  these  propositions  also  hold  for  the  integral  over  any  set  F  G  S. 

Definition  2.1:  The  indefinite  integral  of  a  simple  function  f  is  the  set  function 
fjL  defined  by  fi(F)  =   j  p  f  dP. 

Now  we  see  that  this  set  function  is  in  fact  a  measure. 

Theorem  2.2:  The  indefinite  integral    fi,    of  a  simple  fimction,  is  countably 
additive. 
Proof. 

Let  f  be  a  simple  function  and  let  {Aj}"=i  be  a  sequence  of  disjoint  sets  in  E. 
Hence  we  have  the  following 
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|i(  UaJ=  f      fdP 

j-i  ^       Juaj 

-   ta,P{Fjri{\JA.)) 

i-1  j-1    -^ 

i-i      i-i        -^ 

=  f^aiEp(F.n  A^ 

i-l       j-i 

=   E  ta^PiPfiAj) 


J-lZ-l 

-  E  (/^  fdp) 

j-i     -^ 

=  E  (1  (A.)  .  ■ 

The  next  step  is  to  define  the  integral  for  a  wider  class  of  measurable  functions 
than  just  the  simple  functions.  Before  that  can  be  done  we  need  the  following  lemmas. 

Lemma  2.3:  Let  g  be  a  simple  Junction,  then  for  every  seminorm  p  E  !P, 
p(i  gdP)  <    1  p(g)dP. 
Proof. 

Let  g  be  a  simple  function  which  may  be  represented  by 

1-1        "■ 
As  a  result  of  the  subadditivity  of  the  seminorm  we  have 

pUgdP)   =  p(f  a^P(F^)) 

i-l 

^   f  p(a^P(F^)) 

i-l 


Uig) 


dP. 
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Definition  2.2:  Let   fx   and    p   be  finite  positive  measures  on  a  measure  space 

(n,S,P).  We  say  p  is  absolutely  continuous  with  respect  fx  if  for  every  e  >  0  there 
is  a  5  >  0  such  that  for  each  AGS  that  satisfies  /x(A)  <  5,  we  have  p(A)  <  e. 
This  will  be  denoted  by   p  <  fi. 

Lemma  2.4:  Let  f  G  F(Q,'E,P,E)  be  a  simple  Junction.  For  each  seminorm 
p  E  P,  the  set  Junction  ii(A)  =   \  ^Ptf)  dP.Jor  all  ^4  E  S,   is  absolutely  continuous 
with  respect  to  P. 
Proof. 

Let  e  >  0  be  given.  Since  f  is  simple  it  may  be  written 

f  =   ta ^1^  . 

i-l  ^ 

Let  M  =  maxp(ai)  for  i=l,2,..,n  and  let  5  =  e/(M+l).  Clearly,  \  /,p(f)  dP  < 
M-P(A).  Also,  if  P(A)  <  5  then  ^l{A)  =  j  ^  P(f)  dP  ^  M-5  <  e.  We  have  shown 
that  jn  <^  P.  n 

3.  The  Strong  Integral 

We  now  prove  a  theorem  which  will  lead  to  the  definition  of  the  integral  for  a 
wider  class  of  measurable  functions. 

Theorem  3.1:  IJ  { Jl  }  and  { Ji  }  are  sequences  oj  simple  Junctions  in 
F(Q,'L,P,E)  which  both  converge  almost  everywhere  to  the  Junction  J.  Also  assume  that 
the  sequences  satisjy  the  Jollowing: 

i)  for  each  p  ET  and  for  i  =  1,2 
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lim      {p{fi-f^)dP  =  0; 

A 

and 

ii)  for  all  A  E  L  there  exists  an  element  X^  G  E,  such  that 

lim  ffndP  =  Xj^  . 

A 

Then    lim  |  ^fl  dP  =  X^    as  n-^  °°,for  all  ^  G  S. 
Proof. 

Fix  a  seminorm  p  G  IP.  It  will  be  shown  that,  for  all  A  G  £, 
1  A  P(f  n  -  f  i )  dP  ^  0  .  As  a  result  of  Lemma  2.3,  we  will  have 
pCKf^dP-  JAfidP)  =  p(i^f^fidP) 
<    Kp(f2-fidP)-0. 
And  it  follows  that      j  ^  f  i  dP  ^  X^. 

For  i  =  1,2  p(f  >)  -  f '(o)))  =  p(f  i(co)  -  f(a))  +  f(co)  -  f  ■((.)) 

<p(f>)-f(c.))  +  p(f((.)-f'(a))). 
Since  4  ^  f  almost  everywhere,   p(f  i(co)  -  f  i(a)))  -^  0  almost  everywhere.  Also 

Therefore 

fp(f^-f^  +  f^-f^)  dP  i  jp{fl-fl)  dP  +  fp{f^-f^)  dP. 
Both  integrals  on  the  right  hand  side  converge  to  0  by  our  hypothesis,  therefore 

lim  jp(f2-f:  +  fi,-f^  =0    asm,n-cx. 
By  the  absolute  continuity  of  the  integral  with  respect  to  the  probability  measure  P, 
Lemma  2.4,  we  have,  for  n  =  1,2,... 
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lim    fp(f^-fl)  dp  =  0. 


PU)-0      , 
A 


From  Lemma  1.7.6,  p.  28  of  Dunford  and  Schwartz  (1988),  concerning  double  limits, 
it  follows  that 


lim    (lim  f  p[fl-fl)  dP)    -  0 

P(A)-0         22— »     J  A 


Thus  for  e  >  0  there  is  a  5  >  0  and  an  integer  Uq,  such  that,  if 
P(A)  <  b  and   n  >  no  then 

1)  lim  JAP(fi-fDdP  <  e  asn-*oo  ; 
and 

2)  p(lim  lA(f^fi)dP-  J^p(f^fi)dP)  <  e  for  Ae  £. 

Let  A'  be  the  complement  of  A.  By  Lemma  2.1  of  chapter  I,  there  is  an  integer 
ni  >  no  and  a  set  B  e  S  with   P(B')  <  5   such  that,  for  all   w  E  B, 

3)     p(<(co)-4(o)))    <  -jj^. 

Thus,  by  2)  and  3)  we  have 

lim  fpifl-fl)  dP  £   (pifn-fl)   +  e  ^  2G. 

n-"<>     J  J  -■■  ■■■ 

AB  AB 

And  since  P(A'B')  <  P(B')  <  5,  by   1) 

lim    f  p{fl-fl)  dp  <  e. 
a'b' 
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Therefore 

lim  fpCf^-f^)  dP  ^  lim  (    U{fl-fl)dP 

Xl-*oa      J  12-*°"  ^ 

AB 

j p{fl-fl)dp  ^  fp{f^-f'„)dp) 


AB 

+ 

ab' 
4e . 


Since  e  was  arbitrary  this  yields 

lim  \p{fl-fl)  dP  ^  lim  {pifl-fl)  dP  -  0  . 

A 

Since  p   was  arbitrary,  the  theorem  is  proved.  ■ 

Definition  3.1:  A  function  f  G  F(n,E,P,E)  is  strongly  integrable  on  Q  if  there 
is  a  sequence  {f„}  of  simple  functions  converging  to  f  almost  everywhere  and  satisfying 
the  following  properties 

i)  for  each  p  6  a>     lim  fp  {f^-fj  dP  =  0  ; 
and 

ii)  for  all  AGE,  the  following  exists, 

lim  ff^dP. 


A 


The  integral  of  f  over  A  is  this  limit,  that  is     j  ^  f  dP  =  lim  J  a  4  dP.  The  sequence 
{f J   is  said  to  determine  f. 

The  preceding  theorem  shows  that  the  limit  is  independent  of  the  particular 
sequence  of  simple  functions.  Clearly  a  necessary,  but  not  sufficient,  condition  for  f  to 
be  integrable  is  that  the  function  be  strongly  measurable.  The  set  of  all  integrable 
functions  f  on  fi  to  E  will  be  denoted  by  one  of  the  following:  L(0,I),P,E),  L(fi,i;,P), 
L(Q,P,E)  or  L(fi). 
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4.  Properties  of  the  Strong  Integral 

We  now  consider  the  following  useful  result. 

Lemma  4.1:  If  f  is  strongly  integrable  then  p(f)  is  integrable  for  each  p  ET. 

If  the  sequence   {fj  determines  f  then  the  sequence   {p(fj}  determines  p(f)  and 

lim  /p  if^'f)  dP  =  0. 

22-" 

Proof. 

Fix  a  seminorm  p  G  P.  Since  4  -*  f  almost  everywhere,  by  the  continuity  of 

the  seminorm  p,  we  see  that  p(fj  ^  p(f)  almost  everywhere.  In  addition,  the  inequality 

\p(f,)-p{fj\^  p(f,-fj 

implies  that 

/Ip  (fJ  -pifj  \dP  i  |p  if^-fj  dP-0  . 
It  still  needs  to  be  shown  that    j  p(fj  dP  converges  in  n.  Let  e  >  0  be  given.  There 
exists  an  integer  N  ,  such  that,  if  m,n  >  N,  then    |  p(f„  -  f J  dP    <  e.  Since  each 
simple  function  4  is  bounded,  there  is  an  integer  M„  ,  such  that,  p(fj  <  M„. 

Fix  an  integer  m  >  N,  then 

pifj   ^  p{fj   +  p{f,-fj 
^    M^       +         e. 

By  the  Dominated  Convergence  Theorem  we  conclude  that  f  p(fj  dP  exists  for  all 
n  >  N  and  that  lim  j  p(fj  dP  exists  as  n  -^  oo .  This  demonstrates  that  p(f)  is 
integrable  and  is  determined  by  p(fj. 

The  remainder  of  the  proof  follows  from  Fatou's  Lemma,  which  yields  the 
following  inequality 
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lim  fp{f-f^)  dP  -   lim  /"  lim  p{f^-f^)  dP 

^  lim  lim  fpif^-fj  dP.   m 

Corollary  4.2:  Iff  is  strongly  integrable,  then  for  each  seminorm  p  E  !P, 
P(\  fdP)  <   1  p0dP. 
Proof. 

Let   {f„}   be  a  sequence  that  determines   f,  then 

p  ffdP  =  pdirn  ffdP) 
=  lim  p  f  f^dP 
i  lim  fpif^)  dP 

-   |p(f)  dP. 

The  preceding  statements  follow  from  Lemma  2.3   and  the  previous  lemma.    ■ 

Definition  4.1:  Let  E  and  F  be  locally  convex  spaces  with  topologies  generated 
by  the  families  of  continuous  seminorms  (Pe  and  J*f  respectively.  Let 
T:  E  -*  F  be  a  linear  operator.  We  define  the  seminorm  on  T  with  respect  to  p 
and  r  by 

"^"-^pt.^Px"^^^"^^  where  p  G  IP,  and  r  G  IP,. 

Definition  4.2:  The  linear  operator  T  is  bounded  if  |  T  |  ^ ,  <  oo  for  each 
pair  p  and  r.  The  operator  is  uniformly  bounded  if  there  exists  an  integer  M,  such 
that,     I    T   I  p^  <  M  for  each  pair  p   and  r. 

Recall  the  following  property  of  continuous  linear  operators.  Suppose  the 
respective  topologies  are  generated  by  the  families  of  continuous  seminorms  'P^  and  iPp. 
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For  each  r  G  IPp,  there  is  a  p  ET^  and  a  constant  C(r)   such  that 

r(T(x))  <  C(r)p(x)   for  all  x  G  E. 

Theorem  4.3:  Let  LfO,S,P,£j  be  the  space  of  strongly  integrable  functions,  then 
we  have  the  following: 

i)  the  set  L(U,i:,P,E)  is  a  linear  space,  and  for  each  set  A  E  L,  the  integral 

\  ^fdP  is  linear  on  1(^,1,, P,E)  ; 
ii)  if  A  EH,  then  fl^  is  integrable  and    |  pfo  IJ03)  dP  =   |  F^A/dP  for 

all  F  EI.  ; 
Hi)  if  T  is  a  continuous  linear  operator  from  E  to  F,  then   Tf  is  integrable  and 
iATfdP=T(i^fdP)    forallAER 
Proof. 

i)  Let  {Q  and  {g„}  be  sequences  of  simple  functions  which  determine  the 
elements  f,g  E  L(Q).  By  Theorem  2.1  af„  +  /3g„  -*  af  +  jSg.  Let  h„  =  af„  +  j8g„, 
then  for  each  seminorm  p  G  IP, 

lp(h„-hJdP<    |a|     lp(4-fJdP+    1^1     j  p(g„-gJdP.  Since  both 
integrals  on  the  right  hand  side  converge  to  0,  the  integral  on  the  left  hand  side  also 
converges  to  0.  Thus  {h„}  determines  an  integrable  function.  This  implies  that 
af  +  ^g  G  L((2).  Hence,   L(n)   is  a  linear  space. 

Again,  by  Theorem  2.1, 

affdP  +  ^(gdP  -  a(lim  f f„dP)   +  pdirn  f g„dP) 

i  i  ''-  i  ---  { 

=  lim  iaff^dP  +  ^  f  g^dP) 


A 
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-  lim  fh^dP 

A 

-  f  (af+^gr)  dP. 

A 

This  shows  that  the  integral  is  linear  on  L(n). 

ii)  This  follows  from  the  definitions.  It  can  easily  be  derived  by  writing  the 
integral  of  simple  functions  as  finite  sums. 

iii)  By  the  linearity  of  T  this  is  clear  for  simple  functions.  Let  f  be  integrable 
and  {f„}  a  sequence  which  determines  f.  The  functions  Tf„  are  simple  and  converge 
almost  everywhere  to  Tf  Since  T  is  continuous,  for  each  r  G  IPp,  there  is  a  seminorm 
p  G  IPg  and  constant  C   such  that  for  all  co  G  fi, 

Consequently, 

friTf^-TfJdP^  cfp(f^-fJdP-  0. 
Hence,    {Tf„}   determines  Tf.  ■ 

Definition  4.3:  Let  /x  be  a  set  function  taking  values  in  the  locally  convex  space 
E.  For  each  seminorm  p  G  IP  and  F  G  E,  the  total  variation  of  /n  on  F  with  respect 
to  p,  denoted  by  v(^,F,p)  is  defined  as 

n 

v{\x,F,p)-supJ2  p(li(F^)) 

where  the  supremum  is  taken  over  all  finite  sequences   {Fi}   of  disjoint  sets  in  E  with 
F;  C  F.  The  set  function  /x  is  said  to  be  of  bounded  variation  on  F  G  E  with  respect 

to     p     if    V(;tX,F,p)    <     00. 
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Theorem  4.4:  Let  p   be  a  seminorm  on  E  and  let  fi   be  a  countably  additive 

set  function  on    S    taking  values  in   E.  If  fi    is  of  bounded  variation,  then  the  total 

variation  of  fi  on  Z  is  also  countably  additive  on  S. 

Proof. 

Let  {Aj}  be  an  infinite  sequence  of  disjoint  sets  in  S.  Let  {Fj}  be  a  finite 
sequence  of  disjoint  sets  such  that  F;  C  IJA,-  where  j  =  1,2,...  Let  B^  =  F;  f]  Aj , 
then 

tp{\i{F,))    =    tp(\i{  Us..)) 

i-l  i-1  j-1 

1    t  tpiViiB,.)) 

i-lj-l  -^ 

=    t  f  p(|i(B,  J) 

j-ii-i  '-' 

CO 

s  Ev  (n,A.,p)    . 

J-1 

Consequently, 

i)    v(/x,UAj,p)  <  Xv(j«,Aj,p). 
Let    e  >  0  be  given.  There  are  finite  sequences    {Cj(i)}    for,    j(i)  =  l,2,..,n(i),  of 
disjoint  sets  in  E  such  that  Cj(i)  C  Aj  fori  =  l,2,..,n(j)  and 

v{[i,A.,p)    ^  "ff  p(n(C.(^)))    +  A  . 

Thus 

oo  X     n.j 

Y,v{[i,Aj.p)  i  j;  j;i|i(c^^.)ip  +  G  i  v(ii,  ua^.,p)  +  e. 

J-1  j-1  i-l  i-l 
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Since   e   was  arbitrary,  we  conclude  that 

ii)  S  v(^,Aj,p)  <  w{n,\jA^,p). 

Statements  i)   and  ii)   together  yield 

v{\i,  [JAj,p)    --  Y^v{\i.,Aj,p) 

j-i  j-i 

and  the  theorem  is  proved.  ■ 

Theorem  4.5:  Let  f  G  F(Q,I„P,E)  be  a  simple  Junction  and  let  F  E  i:  be  an 
arbitrary  set.  For  each  seminorm  p  E  J*,  the  setfiinction  ii(F)  =   I  pfdP  has  total 
variation  with  respect  to  p  of  v([j.,F,p)  =   \  p  p(f)  dP. 
Proof. 


Since  f  is  simple,  it  can  be  written  as     "       f^.  "-  i  -^f, 


i-l 


Let  {Aj}  j  =  l,2,,..,m  be  a  finite  sequence  of  disjoint  sets  such  that  Aj  C  F,  then 

Sp(|a(A,.))    =    tpita.PiAnp,)) 

j-i  -^  i-l       i-i  -^ 

j-ii-1 

i-l  J-l 

5   tp{a.)P[Fr\F^) 

1-1 

-  f  pif)  dp. 

J  F 

Therefore 

i)  v(/x,F,p)  <    i  F  p(f)  dP.  Let  €  >  0  be  given  and  let  M  =  Y,  p(a^)  .  Let 
FjQ  e  E  for  i  =  l,2,..,n(j)  be  disjoint  subsets  of  Fj   with 

""^^pi^iiFOF.,,,))    >   PCFflF,,,,)    -   ^. 
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Thus,   p(^(Fn  Fj,^))  =  p(aj)  P(Fn  ^^t>)  and 

v{\i,F,p)    ^   S"£'p(n(i^i^-(i))) 

j-l i-l 

=    tp(a  .)  Sp(FnF.„)) 

j-l  m-l 

>    L,p{a  .)P(Fr\F.)   -  e 

J-l 

=  f  p(f(o>))  dP  -  e. 


Since  e   was  arbitrary,  we  conclude  that 

ii)  v()W,F,p)  >  j  F  p(f(w))  dP.  Therefore,  we  have,  as  a  result  of  i)  and  ii)  that 
v(m,F,p)  =   i  F  p(f(a;))  dP.  ■ 

We  now  consider  some  basic  properties  of  the  indefinite  integral  of  a  strongly 
integrable  function  when  viewed  as  a  set  function. 

Theorem  4.6:  Let  g  be  strongly  integrable  and  for  a  set  F  6  E  let 
G(F)  =    I  F  g  dP,  then  for  each  seminorm  p  G  IP  : 

i)   G(F)  is  countably  additive  on   S  and  has  total  variation 
v(G,F,p)  =   j  F  Pig)  dP  ; 

ii)  lim  v(G,F,p)  =  0    as   P(F)  ^  0  ; 

iii)    f  p(g)  dP  =  0  implies  that  g  is  a  null  function. 
Proof. 

Fix  a  seminorm  p  G  IP.  Let  {g„}  be  a  sequence  of  simple  functions  which 
determine  g.  By  Theorem  2.2,  the  set  functions  G„(F)  =  |  p  g„  dP  are  countably 
additive.  Since  gn  ^  g   almost  everywhere 
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G{F)    '   f  dim  g^)   dP 
-  lim/"    g^  dP. 

Let   {Fj}   be  a  sequence  of  disjoint  sets  in  E. 
G(UF,)-limf       ^„  dP 

i-l  n-oo  J  UF^ 

=  lim  (  r    g^dP  +   (    g^  dP  +   .  .  .) 
=   t  (limf  5^^  dP) 

i-l        73-»  JFj 

=    E  (G(F,)) 

i-l 

This  shows  that  G(F)  is  countably  additive  on  E. 

Fix  a  seminorm   p  G  IP.  Let   F  G  S   be  the  union  of  disjoint  sets    Fi,..,Fk. 
Given  e  >  0,  by  Lemma  4.1,  there  is  an  integer  N„  such  that  if  n  >  N, 

i)         itpifgdP)    -   tp{ig^dP)\^   t    fp{g-g)dP 

i-l        F,  i-l        F;  i-l   J 

^  fpiff-ffn^  dP  <  e, 

F 

independently  of  the  choice  of  Fi,..,Fk.  Fix  n  >  N,  and  choose  sets  Ai,..,A„  E  E, 
such  that 

v{G,F,p)   -   t  p{  fgdP)    <  e. 

i-l         Ai 

Also,  choose  sets  Bi,..,Bq,  such  that 

v(G^,F,p)-J2\!^^gJci)dP\^  <  e. 


2-1 
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Let  Fi,.,,F|,  be  the  family  of  intersections  of  the  sets   A;  and  Bj,  then 

ii)  v{G,F,p)   -   £p(  fgdP)   <  e 

Pi 

and 

iii)  v{G„,F,p)   -   ipifsr^dP)    <e. 

Pi 

Hence,  by  i),  ii)  and  iii),  |  v(G,F,p)  -  v(G„,F,p)  |  <  3e.  Therefore,  since  e  was 
arbitrary,  as  n  ^  oo ,  lim  v(G„,F,p)  =  v(G,F,p)  for  F  6  E.  By  Lemma  4. 1  and 
Theorem  4.5, 

v(G„,F,p)    -  fpig^)  dP -*  fpig)  dP. 

F  F 

We  conclude  that  v(G,F,p)  =   j  p  p(g))  dP.  This  proves  i). 

Let  e  >  0  be  given.  There  exists  an  integer  N„  such  that,  if  n  >N„ 
I  A  /o(g(w)  -  gn)  dP  <  e.  Fix  an  integer  n  >  N,.  Since  g„  is  simple,  there  exists  a 
5  >  0  and  a  set  AGE,  such  that    |  a  p(gj  dP  <  e  ,  when  P(A)  <  5.  Hence, 
Jp  (g)  dP  ^  Jp  (g^)  dP  +  |p  ig-gj  dp  <  2e  . 

AAA 

Thus,  lim    v(F,  G,  p)    =    lim    fp{g)dP'-0. 

P{F)^0  P(F)->0    J 

F 

To  prove    iii),  assume     \   p(g)  dP  =  0.  Let    {gj    be  sequence  of  functions 
which  determine  g.  Observe  that 
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llm  f  p(5r^(a))  )  dP    :^   f  pigiw)  )  dP  +  lira  f  p  (ct  (o)) -p-(o))  )  dP  -  0. 

Let  6  >  0  be  given.  Define  E„(6)  =  {w:  p(g„(a)))  >  6  }  and 

Fn(5)  =  {w:  p(g(aj)  -  g„(w))  >  5}.  Since  g„  is  simple,  E„(5)  6  E  and 

lp{gj(s>))  dP  ^     /    p(gr  (o))  dP  >  6p(p  (6))  . 

Consequently,   lim  P(E„(6))  =  0,  as  n  -♦  oo .  Since  g„  -*  g  almost  everywhere, 
lim  P(F„(5))  =  0.  And  we  have 

p(g(co))  <  p(g(o;)  -  g„(co))  +  p{gM)  ^  25  for  all   o)  ^  E„(5)  [J  F„(5). 
Since    lim  P(E„(5)  [J  F„(5))  -  0     and     5     was  arbitrary,     p(g(w))   =  0     almost 
everywhere.  Since  p   was  arbitrary,  we  conclude  that  g  is  a  null  function.  ■ 

5.  The  Lebesgue  Spaces 

We  will  now  define  a  family  of  seminorms  on  L(n,i;,P,E)   using  the  integral. 

Definition  5.1:  For  each  seminorm  p  &'P,  i6''(n,i;,P,E)  will  denote  the  set  of 
all  strongly  measurable  functions  f  E  F(Q,2,P,E),  such  that  the  real- valued  function  p(f) 
is  P-integrable.  By  the  seminorm    ||  f  ||^  of  such  a  function  we  mean  the  quantity 

llflp   =  |p(f((0))dP. 

It  is  also  possible  to  extend  these  seminorms  to  be  defined  on  all  functions  in 
F(n,E,P,E),  even  if  the  function  is  not  integrable. 

Definition  5.2:  Let    f   be  an  arbitrary  function  in    F(Q,i;,P,E).  The  extended 

seminorm  is  the  quantity 

llfllp  =  inf  {  !p{g)  dP:gEL{£l)  ,    pif)  ^p{g)}. 


34 
The  principle  behind  this  extended  seminorm  is  to  "come  down"  from  above  with 

measurable  functions.  This  idea  will  be  used  again  in  the  development  of  the  DanieU 
integral  in  Chapter  V. 

Lemma  5.1:  Le.t  f  and  g  be  in  ^"(^X.P.E)   and  let  a  be  a  scalar,  then 

i)    a/ e  ig''fO,S,P.Ej    and    ||«/||,  =    |a|     ||/||^; 

ii)  f+ge  ^^(U,i:,P,E)   and    II  /+  ^i,  <   II  /  II,  +  II  g  I; 

^iV    W  f-  8  \\p  =  0  if  and  only  if  f-  g  is  a  null  function. 
Proof. 

i)  This  follows  from  the  linearity  of  the  integral  and  the  definition  of  a  seminorm. 

ii)  This  follows  from  the  fact  that  p(f  +  g)  <  p(f)  +  p(g)  .  As  a  result  of  this 
inequality,  J  p(f  +  g)  dP  <  J  p(f)  dP  +  |  p(g)  dP.  Hence,  the  statement  is 
proved. 

iii)  This  follows  immediately  from  Theorem  4.4.  ■ 

In  view  of  part  iii),  it  is  natural  to  consider  the  classes  of  functions  in 
^''(fi,E,P,E)  equivalent  under  the  relation:  f  is  equivalent  to  g  if  and  only  if  f  -  g  is  a 
null  function. 

Definition  5.3:  The  symbol  L''(n,E,P,E)  will  denote  the  set  of  equivalence 
classes  [f]  of  functions  f  G  ie''(Q,E,P,E).  When  there  is  no  risk  of  confusion  the 
symbol  L"  will  be  used. 

These  equivalence  classes  form  a  linear  space  with  the  norm 
II  [f]  L  =  II  f  II  p-  It  is  customary  to  speak  of  these  equivalence  classes  as  if  they  were 
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functions.  The  symbol  f  will  be  used  to  refer  to  the  element  [f]  in  If.  As  a  result  of 

the  preceding  remarks  we  have  the  following  theorem. 

Theorem  5.2:  The  space  UfQ, !:.?,£)   is  a  normed  linear  space. 
We  now  state  and  prove  a  version  of  a  classic  convergence  theorem. 

Theorem  5.3  rVitaliV  Let  (fj  be  a  sequence  of  junctions  in  L"  and  let  f  be 
a  junction  in  F(Q,i:,P,E),j  is  in  U  and    |i/„-/||^^0  ij  and  only  ij 

i)  j„  converges  to  f  in  measure 
and 

ii)   Urn  \  E  P(fJ  dP  =  0  ,  as  P(E)  -*  0,  uniformly  in  n. 
Proof. 

To  begin,  we  prove  the  necessity  of  the  two  conditions,  i)  follows  from 
Chebyshev's  inequality 

P(«eQ:  p(r„(a))-:f(a>))>e)    ^  — [  p{f^-f)  dP 

=  ^\\fn-f\\,-o. 

We  now  prove  that  ii)  also  holds.  By  Theorem  4.5,  for  each   e  >  0,  there  is  a 
5  >  0   such  that,  if  P(E)  <  5  then    f  ^  p(f)  dP  <  e.  Let  Uo  be  such  that 
II  fn  -  f  IL  <  e  if  n  >  no.  Also,  let  0  <  5'  <  5  be,  such  that,  if  P(E)  <  5',  then 
1  E  P(fj  dP  <  e  for   1  <  n  <  no.  Hence,  if  P(E)  <  5',  we  have  for  n  =  1,2,.. 


/p(f^)  dP  <  fp{f^~f)  dP  +  !p(f)  dP  <  2e 

E  E  E 
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Now  the  sufficiency  of  conditions  i)   and  ii)   will  be  demonstrated.  Let 

e  >  0  be  given.  Since  f„  converges  to  f  in  measure  there  exists  a  subsequence  {g^} 
which  converges  to  f  almost  everywhere.  Each  g^  is  integrable,  so  there  is  a  sequence 
{hn,k}  of  simple  functions  which  determine  the  function.  Now  use  a  diagonalization 
process,  h^  =  \^  ,  to  obtain  a  sequence  {h,,}  of  simple  functions  which  converge 
almost  everywhere  to  f.  Define  the  set  A„,„  =  {co  £  fi:  p(h„  -  hj  >  e}.  By  ii),  there 
is  a  5  >  0  such  that,  if  P(F)  <  8,  then  |  ^p()\  -  hJ  dP  <  e.  Since  g„  converges 
to  f  in  measure,  there  exists  an  integer  no  such  that,  if  m,n  >  no ,  then 
P(An,J  <  a,  and 

If  0)  ^  A„„  ,  then  p(h„  -  h„)  <  e,  therefore 

/p  (h,-hj  dP  =  f     p  {h,-hj  dP^  f     p  [h^-hj  dP 
<,  e  +  e. 

Hence  f  is  integrable,  that  is,    f  G  If. 

It  remains  to  be  shown  that  ||  4  -  f  ||^  ^  0.  To  show  this  repeat  the  previous 
argument  and  replace  the  sequence  {hJ  with  {f„}.  Let  e  >  0  be  given,  there  exists 
an  integer  N,  such  that,  if  n  >  N,  then  P{ajeQ:  p(f„(x)-f(x))  >  e}  <  5  and  the 
integral  over  this  set  will  be  less  than  e.  Also  the  integral  over  the  complement  of  this 
set  will  also  be  less  than  e.  Therefore, 
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rp  (fn-f)   dp  <.  e  +  e. 
This  completes  the  proof.  ■ 

As  a  consequence  of  the  previous  result  we  have  the  following  well-known  result 
in  integration  theory.  This  is  usually  referred  to  as  the  Dominated  Convergence  Theorem. 

Corollary  5.4:  Let  g  E  L"  and  let  (fj  be  a  sequence  of  functions  in  L"  which 
converge  in  measure  to  a  function  f  Suppose  that  p(fj  <  p(g)  almost  everywhere,  then 
f  isin  L"  and    \\f-fl^O. 
Proof. 

This  follows  immediately  from  the  previous  theorem  since  the  sequence    {Q 
satisfies  conditions  i)  and  ii)  of  the  theorem.  ■ 

Definition  5.4:  For  each  seminorm   p,  the  space   E^    is  the  completion  of  the 
quotient  space  E  /  p.  In  the  space  E  /  p,  two  elements  x  and  y  are  equivalent  if 
P(x  -  y)  =  0. 

Lemma  5.5:  Fix  a  seminorm   p  E  !P.  Let   {Q   be  a  sequence  of  functions  in 
F(Q,E^)   which  is  Cauchy  in  measure.  Then  there  exists  a  subsequence    {f^^}   and  an 
E^-valued  function  f  such  that   {4(i)}   converges  almost  uniformly  with  respect  to  p 
to  f. 
Proof. 

Since  ^^^  PitoeQ  :  p(f„(a>)  --f^((o)  )  >e)  =  0, 

there  is  a  subsequence   {f„(i)}   and  sets   A;  e  E,  such  that,  P(Ai)  <  1/2'  and 
p(f„(i)(a))  -  f„(i+i)(co))  <  1/2'  if  CO  ^  A;.  Let  Bk  =  UT=iAi,  then  P(BO  <  l/2'^-i.  Also, 
for  w  ^  Bfc  and   for  j  >  i  >  k  , 
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P(^.(i)(w)--f.o-)(w))   ^  E  p  ( Jf,(„)(o )-/,(,,,)  ((0))    <-4t- 

m-k  2 

Thus  the  subsequence  is  Cauchy  on  the  complement  of  the  intersection  of  the  B^'s.  Since 
E^  is  complete,  the  subsequence  converges  uniformly  with  respect  to  p  to  some 
E^- valued  function  f  on  each  set  Q\Bk.  That  is,  the  subsequence  converges  almost 
uniformly  to  f .    ■ 

We  now  have  the  following  significant  result. 

Theorem  5.6:  For  each  seminorm  p  ElP,  the  normed  space  L''fO,E,P,£^  is  a 
complete  space  and  therefore  a  Banach  space. 
Proof. 

Let   {fj   be  a  Cauchy  sequence  in  L^CQ).  Since  ||  f„  -  f„  ||^  ^  0,  then 
p(fn  -  U  -*  0  almost  everywhere.  By  the  Vitali  theorem,  {fJ    is  Cauchy  in  measure. 
Now  apply  the  preceding  lemma.  Let   e    >  0   be  given.  There  exists  a  subsequence 
{fnffl},  6  >  0,  a  set  B  with  P(B)  <  6  and  an  integer  N,  such  that,  if  n(i),n  >  N  then 
P(fn(i)(<^)  -  A^))  <  e   and  p(f„(i)(w)  -  f„(w))  <  e   when   oj  ^  B.  Consequently, 
p(f„  -  f)  <  2e  for  n  >  N,  when  w  ^  B.  Therefore,    4  -^  f  in  measure. 

Now  choose  6  >  0,  such  that,  if  P(A)  <  5  then    |  ^  p(fj  dP  <  e 
for  1  <  n  <N.  Thus,  for  all  n  if  P(A)  <5  we  have 

Jp  if^)  dp  &  fp{f^-f^)  dp  +  |p  if^)  dP  <  2e. 
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This  proves  that 

}a^o  fp^^n^^)^   dP  -  0  uniformly  in  n. 

A 

Thus  by  the  Vitali  theorem  we  conclude  that  f„  converges  to  f  G  L".  Therefore  the 
space  is  complete.  ■ 

If  we  consider  the  space  of  strongly  integrable  functions  as  a  locally  convex  space 
with  the  topology  generated  by  the  family  ( ||   ||^)^  g  p,  we  have  the  following  result. 

Theorem  5.7:  Suppose  that  the  locally  convex  space  E  is  complete.  The  space 
L(U,i:,P,E)   is  complete  when  the  family  of  seminorms  which  generate  the  topology  is 
countable. 
Proof. 

Since  the  family  of  seminorms  is  countable,  they  may  be  denoted  by  p(k),  where 
k  =  1,2,..  Assume  that  {fj  is  a  Cauchy  sequence  of  strongly  integrable  functions.  Let 
k  =  1.  Choose  a  subsequence   {fj^  such  that    ||  fi,„+i  -  fi,^||^(i)  <  1/4".  Let 
A„  =  {  0)  :  p(l)(fi,„+i(w)  -  fi,„(aj))  >  1/2'"},  then,  by  Chebyshev's  inequality 

Let  B„  =  U^=k  K  and  let  Z,  =  nS=i  B„,  then  P(B„)  <  l/2'"-i  and  P(Zi)  =  0.  If 
z  ^  Zi,  then  there  exists  an  integer  K(z),  such  that,  z  €  Aj  if  j  >K(z).  This  implies 
that   {p(l)(fi^(z))}  is  Cauchy  with  respect  to  m. 

We  have  demonstrated  for  k  =  1,  there  exists  a  null  set  Zi  and  a  subsequence 
{fi.n,},  such  that  for  z  ^  Zi,  the  sequence  {p(l)fi,„,(z)}  is  Cauchy.  Do  this  for  each  k, 
such  that  {f^J  is  a  subsequence  of  {f^ij.   Let  Z  =  UT=i  Z;  and  let  g^  =  4^.  That 
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is,  diagonalize  to  obtain  the  sequence    {g„}.  Thus,  if  z  ^  Z,  p(k)(g„(z))  is  Cauchy  for 

each    k.  Therefore,     {g„(z)}    is  also  Cauchy  in  E.  Since  E  is  complete  it  is  also 

sequentially  compact  and  we  can  define    f(z)  =  lim  g„(z). 

Since  the  function  f  is  the  pointwise  limit  of  strongly  measurable  functions 
almost  everywhere,  it  is  also  strongly  measurable.  To  see  this,  suppose  that  {\„}  are 
sequences  of  simple  functions  which  converge  almost  everywhere  to  g,.  Again,  using 
a  diagonalization  argument,  we  can  obtain  a  sequence  {h„}  of  simple  functions  which 
converge  to  g   almost  everywhere. 

Finally,  it  will  be  shown  that  g„  converges  to  fin  L(fi).  Let  e  >  0  be  given. 

Choose  an  integer  N,  such  that  1/2^^  <  e.  Fix  n  >  N.  We  have 

fp(ic)  i^n-f)  dP  =   riimp(ic)  (g^-grj  dP 

^  liminf  fp{k)  {g„-gj  dP 

1 

<  — -0    as     n^eo . 

Since  this  holds  for  each  seminorm,  g„  ^  f  in  L(Q).  Finally,  we  have  that  4 
converges  to  f,  since  a  subsequence  does.  ■ 

6.  The  Weak  Integral 

We  now  define  an  integral  which  will  be  used  for  functions  that  are  weakly 
measurable.  Recall  that  E'   denotes  the  dual  space  of  E. 

Definition  6.1:  The  function  f  G  F(Q,E,P,E)  is  said  to  be  Pettis  integrable  or 
weakly  integrable  if 

i)    <f  ,  x'  >  is  integrable  for  each  linear  functional  x'  G  E' 
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and 

ii)  for  each  set  AGE,  there  exists  an  element    j  Af  dP  G  E,  such  that 
<  lAfdP,x'>  =   Ia  <f,x'>  dP. 
The  element    j  a  f  dP  is  called  the  Pettis  or  weak  integral.  To  avoid  confusion  it  may 
be  denoted  W-JAfdP. 

As  we  did  with  the  strong  integral  we  now  prove  some  elementary  properties  of 
the  weak  integral.  In  order  to  do  accomplish  we  recall  the  following  theorem. 

Theorem  6.1  (Orlicz-Pettis'):  A  weakly  countably  additive  measure  is  countably 
additive. 
Proof. 

See  Corollary  4,  p.  22  of  Diestel  and  Uhl  (1977).  ■ 

Theorem  6.2:  Assume  that  f  and  g  are  weakly  integrable  ,  then  the  following 
hold  : 

i)     1   af  +  /3g  dP  =  a   j   f  dP    +    i8   I   g  dP  ; 

ii)  if  T:  E  ^  F   is  a  continuous  linear  map  and   f :  fi  ^  E,  where  E  and  F  are 
locally  convex  spaces,  then  T  o  f  is  weakly  integrable  and 
j  T  o  f  dP  =  T  \  f  dP  ; 
iii)  the  set  function    j  (.^  f  dP  is  countably  additive. 
Proof. 

i)  Let  x'  be  an  arbitrary  element  in  the  dual  space  E'.  The  following  argument 
results  from  the  linearity  of  the  scalar  integral  and  the  linearity  of  x'. 
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<!af+^gdP,x'>  =  f  <af+^g,  x'>  dP 

=  j <iif ,  x'>  dP+  <^g ,  x'>  dP 

=  f<af,x'>dP  +  j<^g,x'>dP 
'  dafdP.x'y  +  <I^gdP,x'>. 

This  demonstrates  the  desired  result. 

ii)  As  a  result  of  the  fact  that  y'  o  T  G  E'  for  each  y'  G  F',  we  have 

<!T°fdP,  y'>  =  <lfdP,y'°T> 
~   f<f,y'°T>dP 

=   f<T°f,y'>dP. 

iii)  Let  (EJ  be  a  sequence  of  disjoints  sets  in   S,  then 

x'iW-I^^^fdP)    =  S^j^x'fdP 

=  t  Lx'fdP 

n-l     ^^ 

=  E  x'{w-!„fdP)    . 


n-l 


Thus  the  weak  integral  is  weakly  countably  additive.  The  statement  follows  as  a  result 
of  the  Orlicz-Pettis  Theorem.  ■ 

7.  The  Seminorm  Integral 

To  strongly  measurable  functions  we  associate  the  strong  integral  and  to  weakly 
measurable  functions  we  associate  the  weak  integral.  Now  we  defme  an  integral  which 
corresponds  to  functions  which  are  measurable  by  seminorm. 

Definition  7.1:  Let  f  G  (Q,E,P,E)  be  a  function  which  is  measurable  by 
seminorm.  The  function  f  is  integrable  bv  seminorm  if,  for  any  seminorm  p  G  IP,  there 
exists  a  sequence   {f^}   of  simple  functions  such  that 
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lim  fp{f-f^)  dP  -  0  ! 

and  for  each  set  AGE,  there  exists  a  Ya  E  E,  such  that 

lim  piff^dP  -  y^)   =  o. 

A 

The  symbol    j  a  f  dP  will  denote  Ya- 

Clearly,  any  strongly  integrable  function  will  be  integrable  by  seminorm  and  the 
integrals  will  agree.  The  principle  difference  between  the  two  is  that  the  sequence  of 
simple  functions  is  the  same  for  each  seminorm  for  the  strong  integral.  Also,  in  the  case 
where  the  locally  convex  space  E  is  a  Banach  space,  the  integrals  are  equivalent.  If 
E  is  a  Banach  space  then  there  is  only  one  seminorm,  in  fact  it  is  a  norm.  And  there 
also  is  only  one  sequence  of  simple  functions.  This  yields  the  classic  Bochner  integral. 
As  with  the  integrals  previously  discussed  many  standard  properties  of  the  integral  will 
hold  in  this  case  also. 

Theorem  7.1:  Assume  that  f  and    g    are  integrable  by  seminorm,  then  the 
following  hold: 

i)    \   (otf+^g)  dP  =  a  i  fdP   +   13  I  gdP; 

ii)  if  T:  E^F  is  a  continuous  linear  map,  where  E  and  F  are  locally  convex 
spaces,  then   Tof  is  integrable  by  seminorm  and 
1   T(f)dP  =  T(\  fdP); 

Hi)  if  A  G  L,  then  /o  1^  is  integrable  by  seminorm  and 
1  ,fl^  dP  =    \  ^nsfdP     for  5  G  E. 
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iy)  p(\  fdP)  <   I  p(f)  dP  for  each  seminorm  p  ^  J^  ; 

v;    \a  <y'.f(<^)>  dP  =  <y',   \^fdP>    for  each  y'  e  E'. 
Proof. 

The  proofs  of  these  statements  are  completely  analogous  to  those  given  for  the 
strong  integral.  The  only  difference  is  that  for  the  seminorm  integral  a  different  sequence 
of  simple  functions  is  chosen  for  each  different  seminorm.  See  Corollary  4.2  and 
Theorem  4.3.  ■ 

8.  Relationship  between  Weak  and  Seminorm  Integral 

We  now  consider  what  conditions  are  necessary  to  insure  that  the  weak  integral 
and  seminorm  integral  coincide. 

Theorem  8.1:  Assume  that  the  function   f  G  F(Q,'!:,P,E)    is  measurable  by 
seminorm.  f  is  integrable  by  seminorm  if  and  only  if  f  is  weakly  integrable  and  p(f) 
is  integrable  for  each  seminorm  p  G  T.  Also  p-\  ^fdP  =  W-\  ^fdP  for  each 
AEi:. 
Proof. 

See   14,  p.  253  of  Gamir  (1972).  ■ 

Theorem  8.2:  Let  f   be  a  weakly  integrable  function  that  is  measurable  by 
seminorm.  The  set  function  m(A)  =  W- \  ^fdP,  for  each  AGE,  has  finite  variation 
if  and  only  if  f  is  integrable  by  seminorm.  Also,   v(n,A,p)  =   \  aP0  dP  for  any 

A  e  i:. 
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Proof. 

See  Theorem  2.7,  p.  90  of  Blondia  (1981).  ■ 

Finally  we  have  conditions  which  will  insure  that  a  function  which  is  measurable 
by  seminorm  will  also  be  integrable  by  seminorm. 

Lemma  8.3:  Assume  that  f  is  measurable  by  seminorm  and  that  p(f)  is 
integrable  for  each  p  E  J^.  Then  there  exists  a  sequence  {f^  }  of  simple  functions 
such  that  for  all  seminorms  p  E  !P, 

i)   limpf-f^J  =  0    almost  everywhere  ; 
and 

ii)  Urn    laP(f-f'JdP  =  0. 
Proof. 

See  Lemma  2.9,  p.  92  of  Blondia  (1981).  ■ 

Now  we  have  the  desired  result. 

Theorem  8.4:  Let  E  be  a  complete  locally  convex  space.  Suppose  the  function 
fE  F(U,J:,P,E)  is  measurable  by  seminorm.  If  p(f)  is  integrable  for  each  p  ET,  then 
f  is  integrable  by  seminorm. 
Proof. 

See  Theorem  2.10,  p.  92  of  Blondia  (1981).  ■ 


CHAPTER  III 
THE  RADON-NIKODYM  FOR  THE  BOCHNER  II^EGRAL 


As  a  point  of  reference  we  review  the  fundamental  Radon-Nikodym  results  for 
measures  taking  their  values  in  a  Banach  spaces.  In  particular  we  consider  the  theorems 
of  Phillips  (1943)  and  Dunford  and  Pettis  (1940).  A  brief  history  of  significant 
developments  in  this  area  is  given  in  the  paper  by  Modemo  and  Uhl  (1971).  Throughout 
this  chapter  we  assume  that  X  is  a  Banach  space  and   (Q,S,P)  is  a  probability  space. 

We  initially  state  the  following  mean  value  theorem  for  the  Bochner  integral.  Note 
that  the  proof  would  be  applicable  for  functions  which  are  integrable  by  seminorm.  This 
will  be  used  in  the  next  chapter  to  prove  a  Radon-Nikodym  theorem. 

Lemma  1.1:  Let  f  be  a  Bochner  integrable  function.  For  each  positive  set 
AGE,  -^jjr-  ffdP  EcoifiA))  . 

A 

Proof. 

Assume,  by  way  of  contradiction,  that  there  is  a  set  B  G  S  of  positive  measure 


such  that 


^    /f  dP   «   CO  (f  (B)  )    . 
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By  the  Hahn-Banach  theorem  there  is  a  linear  functional  x'  G  X'    and  a  real  number 

a,  such  that 


Iwi^*)'"^"''^'"'* 


for  all  X  G  B.  Bringing  the  linear  functional  inside  the  integral  yields 

-^^  !^x'  if)  dP  <  a  ^  x'  (fix)  ) 

for  all  X  G  B.  Integrating  over  B  yields  the  following  contradiction 

Ix'  if)  dP  <  uPiB)    ^  ix'  if)  dP  .     ■ 

B  B 

Definition  1.1:  The  convex  hull  of  a  set  B  is  the  smallest  convex  set  containing 
B.  This  is  denoted  by  co(B). 

Definition  1.2:  Suppose  T  is  a  linear  operator  from  X  to  Y.  T  is  a  weakly 
compact  operator  if  the  weak  closure  of  the  image  of  the  unit  ball,  Xj,  is  compact  in  the 
weak  topology  of  Y. 

Definition  1.3:  A  subset  Z  C  X'  is  called  a  norming  set  for  X  if  for  each 
X  G  X,  the  following  holds 

Ixl^  =  sup  JJip^  :    zEZ,  2/ol  . 

For  the  definition  of  a  relatively  weakly  compact  set  see  Definition  3.1  of  the 
following  chapter.  We  will  also  need  the  following  result. 

Lemma  1.2  (Krein-Smuliant:  The  closed  convex  hull  of  a  weakly  compact  subset 
of  a  Banach  space  is  weakly  compact. 
Proof. 

See  Theorem  4,  p.  434   of  Dunford  and  Schwartz  (1988).  ■ 
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The  following  result  will  be  used  in  the  proof  of  Lemma  1.4. 

Lemma  1.3:  If  F  is  a  separable  Banach  space,  then  there  exists  a  countable 
norming  set  Z  C  F/. 
Proof. 

Let   {x„}   be  a  dense  subset  of  F.  As  a  result  of  the  Hahn-Banach  Theorem 

\xjp  =  sup  \{z ,  xj\ . 

Consequently,  there  is  a  sequence  of  elements  Zj  „  G  F/,  such  that 

I   ^Zi,n  ,  Xi>    I  -*  I  Xi  I .  Similarly,  for  each  element  Xj,  there  is  a  sequence  of  elements 

Zi,n  ^  F/,  such  that  |    (z,^  ,  x>    |  -*  |  X;  | . 

Let  Z  =  {  Zk„}"  „=i.  It  will  now  be  shown  that  Z  is  a  norming  set.  Let 

e  >  0  be  given  and  let   x  G  F    be  arbitrary.  Since    {x„}  is  dense  in    F,  there  is  an 

integer  j,  such  that,    |  Xj  -  x  |   <  e.  The  following 

e  >  Ix.-xl  i  lsupl(z,x)  -  sup\{z ,  x)\  I 

zez  zez 

=  I  Ix.l  -  supliz ,  xn  I 

zez 

shows  that 

\sup\{z ,  x}\  -  \x\\  i  \sup\iz ,  x}\  -  \xJ  I  +  I  \xJ  -  Ixl  I  <  2e . 

zez  zez  -^  -' 

Since  x  was  arbitrary,  we  conclude  that  Z  is  a  norming  set.    ■ 

A  function  f :  fi  -»  X  is  essentially  bounded  if  there  exists  a  null  set  N,  such 

that,  f  is  bounded  on  n\N.  The  family  of  all  Bochner  integrable  functions,  with  respect 

to  the  measure  P,  is  denoted  by  Li(P). 

Lemma  1.4  rOunford-Pettis'):  Let    T:  Lj(P)  -^  X   be  a  weakly  compact  linear 

operator  whose  range  is  separable.  Then  there  exists  an  essentially  bounded  function 
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g:  ^-^X  with  an  essentially  relatively  weakly  compact  range  such  that,  for  all 

feL,(P),    T(f)=   \  fgdP. 

Proof. 

For  each  finite  partition   tt,  of  fi,  define 


Since  T  is  weakly  compact  and  g^,  there  is  a  separable  weakly  compact  set  K  C  X, 

such  that,   g,(Q)  C  (Li(P))i  c  k   for  all  partitions   t.  Without  loss  of  generality  we 

may  assume  that  X   is  separable.  Consequently,  we  may  assume  that  X'   contains  a 

countable  norming  set   {x^}.  Theorem  2,  p.68  of  Diestel  and  Uhl  (1977)   states  that  if 

T  is  compact,  then  for  each  n,  there  is  a  g„  £  L„(P)   such  that 

x^r(f)  =  jfg^dp 
a 

for  all  f  e  Li(P).   We  also  define  the  linear  operator  E^:  Li(P)  -^  Li(P)  by 

!  fdP 

Aett  P\A) 

This  yields 

ffx'nig,)  dP  =  JE^  if)  g^dP  =  ffE,  (grj  dP 
for  all  f  e  Li(P)   and  all  partitions   x.  Thus   <g,  =  E^(gJ   for  all  n.  By  Lemma  1, 
p.  67  in  Diestel  and  Uhl  (1977),  for  each  n,  we  have 

lim  Ix'^g^  -  gX  =  lim  llE^g^^  -  g^l  =  0  . 

71  Jt 
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The  ordering  of  the  partitions  is  directed  by  refinement.  Hence  there  exists  a  sequence 

{•3r(n)}   of  partitions  and  a  P-nuU  set  B  such  that  for  each  n 

lim  x^g-^(^)  (CO)   -  g„{(a) 

m 

uniformly  for  o)  G  fi\B.  For  each  w  G  fi  define  g(co)  to  be  an  arbitrary  weak  limit 
point  of  the  sequence  (g^(n)(co)}.  Then  g  is  a  separably  valued  bounded  function  taking 
its  values  in  K.  Since  for  each  n,  lim  x;g,(„)  =  g„  uniformly  on  Q\B,  we  have  that 
lim  x;g^(„)  =  x^g  almost  everywhere  for  each  n.  Thus  x^g  is  measurable  for  all  n. 
By  the  Pettis  Measurablitity  Theorem  and  Theorem  11,  p.  149  of  Dunford  and  Schwartz 
(1988),  taking  into  account  that  {x^}  is  a  norming  set,  we  have  that  g  is  measurable. 
Since  g  is  bounded 

x'nT{f)    =  ^fg^dP  =  ffxi^gdP  =  x'^f  fgdP 
for  all  f  e  Li(P)  and  all  n.  We  conclude  that,  for  all  f  G  Li(P), 

T{f)   -  ffgdP.     m 

Lemma  1.5:  Let  m.-  E  ->  X  be  a  vector  measure  with  m  <  P.  If  for  each 
positive  set  A^  there  exists  a  positive  set  A2  E:  T,  and  a  Bochner  integrable  function 
h  such  that 

m(A)  =   \  ^hdP  for  all  A  ^1:  with  A  C  A2, 
then  there  exists  a  measurable  Pettis  integrable  function  g  such  that 

m(A)  =  W-\^gdP  for  all  ^  G  E. 
If  m  is  of  bounded  variation,  then  g  is  Bochner  integrable  and  the  preceding  equality 
holds  for  the  Bochner  integral. 
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Proof. 

As  a  result  of  Lemma  1.1  of  the  following  chapter,  there  is  a  sequence  {A„} 
of  pairwise  disjoint  sets  in  E  such  that,  Q  =  UA„,  and  there  also  exists  a  sequence 
{h„}   of  Bochner  integrable  functions  on   Q  such  that 

for  all    B  e  E    and  aU  n.  Define    g:  Q  ^  X    by    g(co)  =  )\{o})  if  as  G  A„.  It  is 
immediate  that  g  is  measurable  and  we  have 

JfiPK  6a^)]  =  fgl.     dP 

for  all  B  e  E  and  all  k.  Hence 

m{B)   -  lim  /s^i,5^  dP 

for  all  B  e  E.  For  a  given  linear  functional  x'  E  X',  the  variation 

\x'm\{Q)   i  lim  flx'gll/.     dP . 

Q  n-1 

By  the  Monotone  Convergence  Theorem,   x'g  G  Lj  for  each  x'  EX'.  Thus  if 
B  G  E,  by  the  Dominated  Convergence  Theorem  we  have, 

x'imiB))   =  lim  fx'isr)  Ix     dp  =   fx^ig)  dP . 


*-         B 


This  shows  that  g  is  Pettis  integrable. 

Suppose  that  the  variation    |  m  |  (Q)  is  finite.  Then  for  all  k 
fWgWl^^  dP  £  ld(Q)    <  «. 
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Applying  the  Monotone  Convergence  Theorem  again  shows  that  g  is  also  Bochner 

integrable.  Since  the  Bochner  and  Pettis  integrals  agree  when  they  both  exist,  the  lemma 
is  proved.  ■ 

For  the  definition  of  the  set  called  the  average  range  of  A,  m-ave(A),  see 
Definition  1.1  of  Chapter  IV. 

Theorem  1.6  fPhillips^:  Let  m  be  an  X-valued  vector  measure  with  m  <  P.  If 
m  has  a  locally  relatively  weakly  compact  average  range,  then  there  exist  a  measurable 
Pettis  integrable  function  g:  Q^X  such  that 

m(A)  =  W-  j  ^fdP  for  all  ^  G  E. 
If  m  is  of  bounded  variation,   g  is  also  Bochner  integrable  and 

fn(A)  =   I  ^fdP  for  all  A  E  i:. 
Proof. 

Let  A'  e  E  be  an  arbitrary  set  with  P(A')  >  0.  There  exists  a  set  A  C  A', 
with  P(A)  >  0,  such  that  m-ave(A)  is  relatively  weakly  compact.  By  the  Krein- 
Smulian  theorem,  the  closed  convex  hull  of  m-ave(A)  is  weakly  compact.  For  a  simple 
function  f  which  can  be  represented  by 


i-l  "" 


we  define  an  operator  T  by 

T{f)    =    ta^PiA^CiA) 


1-1 
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Note  that 

i-i    ^        ^         PUTTU) 
Thus  if   II fill  <  1, 

t\a,P{A^nA)\  5  tiaJPUJ   =  llfIL  ^  1. 

i-l  i-l 

Therefore,    T(f)    is  in  the  closed  convex  hull  of   m-ave(A).  Thus    T    has  a  weakly 
compact  linear  extension  to  all  of  Li(P). 

Since  T  is  a  weakly  compact  linear  operator,  we  may  apply  Lemma  1.4  if  it  can 
be  shown  that  the  range  of  T  is  separable.  It  suffices  to  show  that  {  T(1a):  A  E  E  }  is 
relatively  compact,  and  subsequently  separable.  Consider  a  sequence  {T(1e(„)}  and  let 
Si  be  the  a-algebra  generated  by  {E(n)}.  Since  Ei  is  countably  generated,  the  subspace 
Li(Ei,P)  of  Li(P)  is  a  separable  closed  linear  subspace.  Hence  the  restriction  Ti  of 
T  to  Li(Ei,P)  has  a  separable  range.  Again  appealing  to  Lemma  1.4  yields  a  function 
h  e  L„(P,X)   such  that 

Ti(f)  =  i  fg  dP  for  all  f  E  Li(P).  Since  {l^^J  is  a  bounded  uniformly 
integrable  subset  of  L(ri,P),  it  follows  that  the  set  {T(1e(„)}  is  a  relatively  compact 
subset  of  X.  Also  T(1e(„))  =  Ti(1e(„))  and  the  latter  has  a  convergent  subsequence. 
Thus,  the  set   {T( !£(„)}  is  relatively  compact. 

Hence,  there  is  a  Bochner  integrable  function  g,  such  that  T(f)  =   j  fg  dP  for 
all  f  e  Li(P).  In  particular   m(B)  =   T(1b)  =   j  b  g  dP    for  all  B  G  E.    ■ 

Theorem  1.7  (Dunford-Pettis):  Let  m  be  a  vector  measure  taking  values  in  a 
separable  dual  space.  If  m   has  bounded  variation  and  m  <  P,  then  there  exists  a 
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Bochner  integrable  junction  g  such  that 

m(A)  =   \^gdP  for  all  ^  G  S. 
Proof. 

The  proof  of  this  is  analogous  to  the  proof  of  Lemma  1.4.  Replace  X  with  X', 
so  the  linear  operator  T:  Li(P)  -»  X'  and  the  norming  set  is  chosen  in  X.  The  function 
g  is  then  defined  as  the  weak*  limit  of  the  sequence   {g^(„)}.  ■ 


CHAPTER  IV 
THE  RADON-NIKODYM  THEOREM 


1.  The  Radon-Nikodym  Theorem  for  the  Seminorm  Integral 

In  this  section  we  will  develop  a  Radon-Nikodym  theorem  for  locally  convex 
valued  measures.  The  average  range  will  play  a  significant  role  in  this  discussion.  In 
order  to  facilitate  this,  we  present  the  following  definitions. 

Definition  1.1:  Let  m:  E  -*  E  be  a  vector  measure.  For  a  subset  AGE,  the 
average  range  of  m  on  A.  denoted  by  m-ave(A),  is  the  set 

m-ave{A)    -  [-jr^- ■   Be^\  B^aX  . 

The  average  range  is  said  to  be  locally  small  if,  for  each  A  G  E  +,  seminorm  p  G  3> 
and  for  a  given  e  >  0,  there  exists  a  set  A'CA,  with  A'  G  E +,  such  that 
m-ave(A')  has  p -diameter  less  than  2e. 

Definition  1.2:  A  lifting  *   on  E  is  a  function  ^:i:-^i:   such  that 

i)   $(A)  =  A  ,  where  A  =  B   means  P(AaB)  =  0  ; 

ii)   A  =  B  implies   *(A)  =  *(B)  ; 

iii)   *(E)  =  E  and  #(0)  =  0  ; 

iv)   $(AnB)  =  <l'(A)n$(B)  ; 

v)   *(AUB)  =  *(A)U$(B)  . 
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It  has  been  shown  by    Theorem  3,  p.  46  of  lonescu-Tulcea  (1969)  that  the 

existence  of  a  lifting  is  guaranteed  if  the  measure  space  under  consideration  is  complete. 

Definition  1.3:  Let  *  be  a  lifting  on  E  and  let  f  be  strongly  integrable.  The 
function.  We  say  that  f  is  compatible  with  ^  if  there  exists  a  null  set  Xo  C  fi  such 
that  for  each  seminorm  p  G  IP,  for  a  given  e  >  0,  and  for  x  G  n\Xo  there  exists  a 
set  A  e  E+,  with  x  6  #(A),  such  that  the  set 

{1/P(B)  j  Bf  dP  :  X  e  *(B)  and  *(B)  C  *(A)}  has  p -diameter  less  than  2e. 

Definition  1.4:  Let  *  be  a  lifting  for  E,  then  for  every  x  G  fi  we  define  the 
set  S(x).  the  ^  neighborhoods  of  x.  as  S(x)  =  {*(A):  xG$(A)  and  AGE+}.  The 
ordering  is  given  by  $(A)<*(B)  if  $(B)C*(A). 

The  lifting  is  needed  to  insure  that  S(x)  will  be  a  directed  set.  For  S(x)  to  be 
directed  we  need  to  be  sure  that  the  intersection  of  two  sets  of  positive  measure  will  also 
be  a  set  of  positive  measure.  The  lifting  guarantees  this  to  be  the  case.  To  see  this,  let 
*(A)  and  *(B)  be  sets  in  S(x).  If  P(*(AnB))  =  0  then  *(AnB)  =  0,  but  this  is 
not  possibly  since  x  ^  0.  Therefore  we  conclude  that  P(*(AnB))  >  0. 

We  now  state  the  following  which  will  be  used  in  the  proof. 

Lemma  1.1  rExhaustion  Lemma^:  Let  G.ll^E  be  a  vector  measure.  Suppose 
that  P  is  a  property  of  G  such  that : 

i)  G  has  property  P  on  every  null  set  ; 

ii)  if  G  has  property  P  on  B  E  i:,  then  G  has  property  P  on  every  A  G  E 
contained  in  B  ; 
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Hi)  if  G  has  property  P  on  Bj,  fij  ^  2,  then  G  has  property  P  on  BjljB^; 
and 

iv)  every  set  B  G  E+  contains  aset  A  e  i:^,   such  that  G  has  property  P 
on  A. 
Then  there  exists  a  sequence  (A  J  of  disjoint  members  of  E  such  that  ^  =  [JA  and 
such  that  G  has  property  P  on  each  A„. 
Proof. 

See  Lemma  4,  p.  70  of  Diestel  and  Uhl   (1977).  ■ 

Throughout  this  chapter  we  will  use  the  following  notation.  If   m    is  a  vector 
valued  measure  then   m  <  P   means  that  the  total  variation  of  m   with  respect  to   p 
is  absolutely  continuous  with  respect  to   P   for  each  seminorm   p.  We  now  have  the 
following  Radon-Nikodym  Theorem,  which  follows  along  the  lines  of  that  given  in 
Blondia  (1987). 

Theorem  1.2:  Let  E  be  a  locally  convex  space.  Let  (U,L,P)  be  a  complete 
probability  space  and  let  ^  be  a  lifting  on  I,.  If  m  is  an  E-valued  vector  measure, 
then  there  exists  a  function  fE  F(Q,i:,P,E)  which  is  compatible  with  $  and  integrable 
by  seminorm  such  that  m(A)  =  j  ^fdP.for  each  ^  G  E,  if  and  only  if  X^^Q  may 
be  found,  with  PQCq)  =  0,  such  that : 

i)  m  <  P  ; 

ii)  v(m,U,p)  <oo,  for  each  p  E  T  ; 

Hi)  m  has  locally  small  average  range  ; 

iv)  the  net   {m(A)/P(A)}^^s(.^  converges  for  every   w  E  filZo . 


58 
Proof. 

Let  f  be  integrable  by  seminorm  and  compatible  with  #   such  that 
m(A)  =    \  j^i  dP.  Theorem  5.3  of  Chapter  11  gives  us  that   m  <  P,  and   ii)    follows 
from  the  basic  properties  of  the  integral  since  v(fi,F,p)  =   |  p  p(f)  dP  <  oo . 

Since  f  is  integrable  by  seminorm,  by  the  Pettis  theorem  proved  in 
Chapter  I,  for  each  seminorm  p  E  "P   and  for  a  given  e  >  0,  there  exists  a  null  set 
Xq,^  and  a  countable  set  D^  =  {y„^:  n  =  l,2,..}  C  0  such  that 

fie\X,^^]    c   USp(y,,p,e) 

Let  A„,^  =  f'\'R,iyn,p,e)),  then  fi\Xo,^cU  A„,^.  Consequently,  if  P(A)  >  0  then  there 
ought  to  exists  a  set  A„,,  such  that  P(AnA„,^)  >  0.  Now  let  A'=AnA„,p,  then  f(A') 
C  B^(y„^,e)  and  as  a  result  of  Lemma  1.1  in  Chapter  III, 

-f-^[fdPEcdifiA)). 

A 

and   m(A')/P(A')  C  B^(y„,„,e).  This  is  true  since 

a' 
Thus  m  has  locally  small  average  range. 

Since  f  is  compatible  with  #  we  see  that  the  net  {m(A)/P(A)}  converges  for 
every  co  £  0\Xo,  because  the  p -radius  of 
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m{A)  1 


ffdP 


P(A)  P{A)     ^ 

A 

can  be  made  arbitrarily  small. 

In  order  to  complete  the  proof  we  define  the  function  f,  for  all    o)  G  fi\Xo,  as 
follows 

f  (o>)    -    lim   ^<^^ 


AeS{a>)    P(A) 

It  will  be  shown  that  this  is  the  desired  density.  Fix  a  seminorm  p.  Begin  by 
demonstrating  the  existence  a  sequence  {f^,,}  of  simple  functions  which  converge 
pointwise  to  f  P-almost  everywhere. 

Since  the  average  range  of  m  is  locally  small,  applying  the  exhaustion  lemma 
yields  a  partition  (And))^^)^^  of  Q  P-almost  everywhere  with  A„(i)  £2+  and  a 
corresponding  sequence  {y„(i)}n(i)eN  >  such  that  the  m-ave(A„(i))  C  B(yn(i),l)  for  each 
n(l)  E  N.  Note  that  ($(A„(i)))  is  also  a  partition  of  fi  P— almost  everywhere.  Since 
m  «  P, 
m-ave{^  (A) )   =  J^^^yT  " ^^^  ^^^  I  "  f^^^^H"  "  ^""4     P~^"^°^t  everywhere. 

Consequently,    m-ave(*(A„(i)))  C  B^(y„(i),l)  for  each  n(l).  Let 
Xi  =  E\|J#(A„(i)),  where  the  union  is  over  all  n(l),  then  P(Xi)  =  0. 

Now,  for  each  n(l),  choose  a  partition  (A„(i)„(2))na)eN  of  *(A„(i))  P-almost 
everywhere  ,  with  A^d^n^j)  ^  ^^  and  a  corresponding  sequence  {yn(i)n(2)}n(2)eN-  Also  the 
m-ave(A„(i)„a))  ^  B/y„(i)n(2),l/2)  for  each  n(2).  Note  that  (*(A„(i)„(2)))  is  also  a 
partition  of  *(A„(i))  P— almost  everywhere  and  for  each  n(2) 
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m-ave($(A„(i)„(2)))  C  B^(y„(i)„(2),l/2). 

LetXa  =  U(*(A.(i))\U*(A„(i)n(2))),  then  PCX^)  =  0. 

Continue  this  process,  for  k  =  3,4,...,  of  partitioning  and  choosing  points  so  that 
for  each  n(k)  we  have  a  partition  (4.(i).„(k))„(k)eN  of  *(A„(i)..„(k.i))  P -almost 
everywhere  with  A„(i)..n(k)  ^  2  *  and  a  corresponding  sequence  {yncD.nwlnweN-  Also 
for  each  n(k)  m-ave(A„(i)..„(t))  C  B^(y„(i)..„(k),l/k).  Also  note  that  (HKa)..nm))  is  also 
a  partition  of  ^(\(i)..n(^.i))  P— almost  everywhere  and  m-ave($(A„(i)  „(jj)))  C 
Bp(y„a)..„(k),l/k).  Let  Xk=U($(A„(i)..„(,.i))\U<l'(A„(i)..„(k))),  then  P(XO  =  0. 

Also  if  we  let  Xq  =  XqU  (LJXk),  then  P(Xo)  =  0.  Now  define 

^  '        f     ...     f       ^^^K(l)..^(ic)))   1 

"'*      ^(i)-i    i.U)-iP(OU„,i)..„,j,)))     *(^-a)...a,)■ 
Consequently,  for  each   co  E  0\Xop, 

lim  p(f      (o>)  -f((o))    =  0. 

To  show  this,  let  e  >  0  be  given  and  let  w  G  fl\Xo„  be  arbitrary.  For  each  k  G  N 
there  exists  a  sequence  n(l),n(2),..,n(k)  of  integers  such  that  o)  G  *(A„(i)..n(k))-  Now 
choose  an  integer  Kq  such  that  1/  Kq  <  e/4.  Let  K'  =  max  {n(l),..,n(Ko),Ko}.  As  a 
result,  if  k  >  K' 
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By  the  definition  of  f  there  exists  a  set   Aq  G  S(ui),  such  that,  if  A  G  S(co) 

and  A  C  Aq,  then  p(f(«)  -  m(A)/P(A))  <  e/2.  Put  B  =  $(A,i.  ,J  f]  Aq,  then  B  E 
S(u>)  and  B  C  Aq.  So  we  have  p(f(x)-m(B)/P(B))  <  e/2.  Also,  since  B  C  *(A„i..„kJ, 
we  have  m(B)/P(B)  E  m-ave($(A„i  J).  Therefore 

9ifi<^)  -f„...M)   ^  p(f{|j--f(o>))  .  p(^-^^,,,,(a)))  .  e. 

This  shows  that  f,,,  converges  pointwise  to  f  outside  of  Xq.  In  other  words  f  is 
measurable  by  seminorm.  Next  it  will  be  shown  that  for  each  AGE 

,^dP  -  m{A)\  ->  0 


^J:^  p(/^p-^ 


Since  m  <  P,  by  the  construction  of  f^k  we  have  the  following 
pf/fp,^dP-  m{A)^  = 

'p(  t ..  t  ";^!^->-^^>!!p(^ok,,,  ,<,,)) 

n(l)-l         n(Jc)-l  P($(A^(i)     .„(;,)))  na)..nU) 

\  n(l)-l        n{k)-l  I 

This  is  a  result  of  the  fact  that  by  construction  of  the  partitions 

limP(A    6    ••      6    4»U„,„..,(^)))    =  0. 

k-""  n(i)-i        n(k)-l 

To  complete  the  proof  it  will  be  shown  that 

lim  fp{f-f  ^^)  dP  =  0. 

JC-oo       J 


J    — 

<Timl imf-i;  dp  <.  lim-=-  =  0 

ic-oo    JZS  J     K. 
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By  Fatou's  lemma  the  following  inequalities  hold 

lim  (p{f-f  jt)  dP  ^  Tim  riimp(/-  .-f^  .)  dP 

TiHlim  rp(jfp_^.-fp^^)  dP 

Since  p({^^-f^,J  <  1/k  when  j  >  k.  Therefore  it  has  been  shown  that  f  is  integrable 
by  seminorm  and  that  m(A)  =    f  a  f  dP  for  each  AGS. 

The  compatibility  of  f  with  $  follows  from  the  definition  of  f.  This  is  a  result 
of  the  net  in  hypothesis  iv)  converging  almost  everywhere.  This  completes  the  proof.  ■ 

Note  that  condition  iv)  of  the  hypothesis  defines  the  density  while  the  first  three 
conditions  imply  the  integrability  by  seminorm  of  f. 

2.  Dentable  Average  Range 

In  the  following  pages  we  consider  various  conditions  on  the  average  range 
which,  if  satisfied,  imply  the  existence  of  a  Radon-Nikodym  derivative.  The  derivative 
will  be  integrable  by  seminorm.  The  method  used  will  be  to  show  that  various  conditions 
on  the  average  range  imply  a  locally  small  average  range.  The  results  will  then  follow 
quickly  from  the  Radon-Nikodym  theorem  already  proved.  Theorem  1.2.  The  hypotheses 
satisfied  by  the  average  range  will  be  that  it  is  dentable,  relatively  compact,  and 
relatively  weakly  compact.  Initially  we  state  the  definitions  of  the  first  of  these 
conditions. 

Definition  2.1:  A  subset  K  C  E  is  dentable  if  for  every  p  E  IP  and  e  >  0 
there  is  a  point  b  6  K  such  that  b  ^  c^(K\B^(b,e)).  In  other  words  there  is  point, 
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such  that,  if  a  ball  is  scooped  out  around  it,  the  closure  of  the  convex  hull  of  the 

remaining  portion  of  the  set  will  not  contain  the  point. 

As  an  example  consider  a  square  in  the  Euclidean  plane  with  the  standard 
topology.  Any  comer  of  the  square  will  serve  as  a  suitable  choice  for  b.  The  advantage 
of  dentability  is  that  it  poses  the  question  of  the  existence  of  a  derivative  in  geometric 
terms.  The  relationship  between  dentability  and  Radon-Nikodym  theorem  for  the  Bochner 
integral  was  originally  established  by  Rieffel  (1967)  and  (1968). 

We  begin  our  consideration  of  an  average  range  which  is  dentable  with  the 
following  lemma. 

Lemma  2.1:  If  m  is  an  E-valued  measure  such  that  for  each  p  E  !P  the 
following  hold  : 

i)  m  <  P  ; 

ii)  v(m,Q,p)  <  CO  ; 

Hi)  locally  m  has  a  dentable  average  range,  that  is,  given  A  E  'L  and  given 
e  >  0,  there  exists  a  set  B  ^  A  such  that  P(B-A)  <  e  and  m—ave(B) 
is  dentable  ; 
then  m  has  locally  small  average  range. 
Proof. 

In  this  proof  we  use  an  exhaustion  argument  to  obtain  the  desired  set.  Let 
e  >  0  be  given,  fix  a  seminorm  p  G  !P  and  let  F  G  E  be  given.  Then  by  iii)  there 
exists  a  positive  measurable  set  F^  c  p   such  that  m-ave(Fd)   is  dentable.  Let 
x  E  m-ave(Fd)   such  that  x  £  Q  =  To(m-ave(Fd)\B  (x,e)).  Suppose 
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X  =  m(Do)/P(Do)  where  Do  ^  F,,  and  P(Dq)  >  0.  If  m-ave(Do)  ^  B^(x,e),  then  we 

are  done,  otherwise  there  exists  a  positive  measurable  set  Fj  C  Dq  such  that 
||^..PU.e,.     Hence        |<^  ,  ,. 

Let  Ki  be  the  smallest  integer  greater  than  2  for  which  there  exists  such  a  set 
Fi   with  P(Fi)  >  l/Kj.  Let  Dj  =  Dq-Fi.  Note  that  P(Di)  >  0,  if  not  then 
m(Do)  =  m(Fi).  And  by  the  absolute  continuity  of  m  with  respect  to  P  we  would  have 

2_   =   ±—   e  n 

but  this  is  not  possible  since  x  ^  Q. 

If  m-ave(Di)  C  B^(x,e)  then  we  have  the  desired  set  and  we  are  done. 
Otherwise  continue  this  process  of  creating  a  disjoint  sequence  {F„}  and  a  non- 
decreasing  sequence   {K„}   where  Fj  C  Dj.,   and  P(FJ  >  1/K„,  also 

miF^) 

Since  fi  is  a  probability  space,  as  n-^oo  we  see  that  P(FJ  must  converge 
toO.  Therefore  K„-*  oo. 

Let  Fq  =  U  F;  and  D  =  Do\Fo.  We  claim  that  D  is  the  desired  set.  To  justify 
this  claim  it  will  be  shown  that  P(D)  >  0  and  m-ave(D)  <  e. 

Suppose  that  P(D)  =  0,  then  as  previously 

P{Dq)         PiF^) 
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Which  yields  a 

contradiction 

since 

and 

PiFo) 
n-1  P{F^)      PiF^) 


P(FJ 


n-l  P(F^) 

Finally  it  will  be  shown  that  m-ave(D)  ^  B^(x,e).  Suppose  that  D'  ^  d  is  a 
positive  set  and 

P{D') 

Then  for  each  n 

D'  c  Dq-UFj^  . 

i-l 

Also,  by  the  definition  of  the  Fj's,  P(D')  <  1/(K„-1).  Otherwise  the  set  D'  would 
have  been  chosen  as  ?„.  We  can  conclude  that  P(D')  -  0  since  K„->  oo.  ■ 

It  now  will  be  shown  that  under  certain  hypotheses  the  probability  space  Q  can 
be  decomposed  into  a  collection  of  sets  each  of  which  has  a  "small"  average  range. 

Lemma  2.2:  Assume  the  hypotheses  of  the  previous  lemma.  Then  given  e  >  0, 
there  is  a,  possibly  finite,  disjoint  sequence  {Fj  with  F^  E  I^  such  that  m-ave(FJ  has 
p-diameter  less  than  26  for  each  i.  Also  Q  -  \J  F^  P-almost  everywhere. 

Proof. 

Let  Ki  >  2  be  the  smallest  integer  for  which  there  exists  a  set  Fj  G  E  such 
thatp-diam{m-ave(Fi)}  <  2e  and  P(Fi)  <  1/Ki.  Let  K2  >  2  be  the  smallest  integer 
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p-diain{m-ave(F2)}  <  2e    and    P(F2)  <   l/Kj.  Continue  this  process  to  obtain  a 

disjoint  sequence  {F;}  with  V(F^  <  l/K;  and  has  p-diam{m-ave(Fi)}  <  2e.  As  in 
the  previous  proof,  K^  -*  oo .  To  complete  the  proof  it  will  be  shown  that  P(F)  =  0.  If 
P(F)  >  0,  there  exists  a  set  F'  £  p  where  P(F')  >  0  and 
p-diam{m— ave(F')}<2e.  For  all  n, 


1 

J.-X 


As  in  the  previous  proof  we  conclude  that  P(F')  =  0  since  P(F')  <  1/(K„-1)  for 
alln.  ■ 

In  order  to  apply  the  Radon-Nikodym  theorem  we  need  the  following.  We  still 
assume  the  previous  hypotheses  of  Lemma  2.1. 

Corollary  2.3:  The  net    [^ .,  \  is  Cauchy  P-almost  everywhere. 

Proof. 

Let  e  >  0  be  given.  From  the  previous  proof  choose  an  cj  £  fl\F,  then 
oj  E  F;  for  some  i  and  p-diam{m-ave(Fi)}  <  e.  If  Bi,B2  C  Fj,  then 

And  the  corollary  is  proved.  ■ 

The  following  Radon-Nikodym  theorem  now  follows  quickly. 

Theorem  2.4:  If  E  is  a  complete  locally  convex  space  and  the  vector  measure 
m:  Q  ->  E  satisfies  thefi)llowing  : 

i)  m  <  P  ; 


fOJX  j^f—  »-jfc 
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ii)   v(m,U,p)  <  oo  ; 

Hi)  locally  m  has  a  dentable  average  range  ; 
then  there  exists  a  function  f.-Q^E  which  is  integrable  by  seminorm  such 
that    m(A)  =   \^fdP   for  all  AGE. 
Proof. 

Since  E  is  complete,  the  net    \"^  ,\  I  converges.  To  complete  the  proof, 

apply  previous  results,  Theorem  1.2,  Lemma  2.1,  Lemma  2.2  and  Corollary  2.3.  ■ 

3.  Relatively  Compact  Average  Range 

Definition  3.1:  A  subset  M  C  E  is  relatively  compact  if  its  closure  M  is 
compact  with  respect  to  the  original  topology.  And  we  say  a  subset  M  C  E  is  relatively 
weakly  compact  if  its  closure  M  is  compact  with  respect  to  the  weak  topology. 

Definition  3.2:  A  point  x  E  K  is  called  an  extreme  point  if  no  open  line 
segment  containing  x  lies  entirely  in  K.  Equivalently,  x  is  an  extreme  point  if  the  set 
K-{x}  is  convex. 

Extreme  points  are  a  generalization  of  the  concept  of  the  vertices  of  a  polygon. 
The  collection  of  extreme  points  of  a  set  K  may  be  denoted  by  K^ 

We  next  show  that  relatively  compact  subsets  are  also  dentable.  This  will  yield 
an  additional  Radon-Nikodym  theorem.  Initially  we  recall  the  following  without  proof. 
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Theorem  3.1  (Krein-Milman"):  IfK is  compact  then  c o (fC)  =  co (K). 

Proof. 

For  a  complete  discussion  and  proof  of  this  theorem,  see  section  10.2,  p.  232ff 
of  Narici  and  Beckenstein  (1985).  ■ 

Corollary  3.2:  Let  b  be  an  extreme  point  of  the  subset  K  C  E.  Ifb  ^  cl(K\B^(b,e)) 
>l  e  >  0,  then  b^  co(K—B^(b,e))  for  each  seminorm  p  El  T,  i.e.  Kis  deniable. 
Proof. 

Assume  that  b   is  an  extreme  point  of  the  compact  set  K.  From  the  definition, 
we  have  that  K  -  {b}   is  a  convex  set.  As  a  result  of  the  Krein-Milman  theorem,  we 
conclude  that  b  is  not  an  extreme  point  of  K  -  {b}.  Consequently 
cl(K\B,(b,e))  C  cl(K-{b}).  Thus    coCK-B.Cb.e))  C  coCK-ib})  =  K  -  {b}.  This 
yields  that  b  €  "co'(K\B^(b,e)).  ■ 

We  also  will  need  the  next  lemma. 

Lemma  3.3:  Let  K  be  a  compact  subset  of  E,  then  K  has  at  least  one  extreme 
point. 
Proof. 

Fix  a  seminorm   p  6  IP.  Let    {bj    be  a  sequence  which  is  dense  in   K.  The 
existence  of  this  sequence  follows  from  the  compactness  of  K.  Define  a  nested  sequence 
of  sets  K„  inductively  in  the  following  manner.  Let  Kg  =  K  and 
K„=  {x  G  Kn.i:  p(x-bj  =  sup{  p(y-bj:  y  G  K„.i}  }.  Since  K  is  compact,  these  sets  are 
non-empty  and  closed.  Therefore,  each  K„  is  also  compact. 
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Let  K'  =  f]  K„,  n  =1,2,..,  this  is  non-empty  also.  In  fact  K'  contains  only  one 

point.  Otherwise,  suppose  that  c  and  c'  were  both  elements  of  K'.  Then  there  would 
exists  an  integer  n   such  that  p(c'  -  b J  <  p(c  -  bj.  Since  c  G  K„.i, 
pic'  -  bJ  <  sup{  p(y  -  bJ:  y  e  K„.i},  so  c'  €  K„. 
Let  X  be  the  single  point  in  K'.  Suppose  that  x  is  not  an  extreme  point,  then 
X  =  tCi  +  (l-t)c2  for  0  <  t  <  1   and   Ci,  C2  E  K.  Let  n  be  the  smallest  integer  such 

that  Ci   or  C2  isn't  in  K^  but  Ci,  C2  E  K„.i.  Hence, 

p(x-i^)    <,  tp  ic^-b^)   +   (l-t)p(c2-jb^) 
<  sup{p{y-b^)  :  yeK^_J. 

This  contradicts  the  fact  that  x  E  K„.  We  may  conclude  that  x  is  an  extreme 
point.  ■ 

Lemma  3.4: .  Let  K  be  a  subset  of  E.  If  co(K)  is  deniable,  then  K  is  also 
dentable. 
Proof. 

Fix  a  seminorm  p  E  IP  and  let  e  >  0  be  given.  Choose  b  E  c^(K)  such 
that  b  ^  Q  =  co'(ro(K)\B^(b,e/2)).  Since  b  E  "co(K)\Q  and  Q  is  closed  and 
convex,   Q  does  not  contain  K. 

Choose  an  arbitrary    b'  E  K\Q,  then    b'  E  B^(b,e/2),  and    K\B^(b,e)  C  Q. 
Therefore,  "co'(K\B^(b',e))  C  Q,  but  b'  E  Q  which  yields  the  fact  that 
b  ^  co'(K\B^(b,e))  C  Q.  This  shows  that  K  is  dentable.  ■ 
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Lemma  3.5:  Any  relatively  compact  convex  subset  K  of  E  is  deniable. 

Proof. 

We  can  assume,  as  a  result  of  the  preceding  lemma,  that  the  subset  K  is  a 
compact  convex  subset  of  E.  Fix  a  seminorm  p  €  IP.  Let  b  be  an  extreme  point  of 
K.  Since  b  is  an  extreme  point,  b  ^  cl(K-Bp(b,e))  for  any  e  >  0.  By  Corollary  3.6 
we  conclude  that  b  ^  co(K\B^(b,e)).  Therefore  K  is  den  table.  ■ 

Corollary  3.6:  Any  relatively  compact  subset  of  a  locally  convex  space   E   is 
dentable. 
Proof. 

Let  K  be  a  relatively  compact  subset  of  E.  By  Lemma  3.5,  c  o(K)  is  dentable. 
Therefore,  Lemma  3.4  implies  that  K  is  dentable.  ■ 

The  preceding  discussion  yields  the  following  Radon-Nikodym  theorem. 

Theorem  3.7:  Let  E  be  a  quasi-complete  locally  convex  space  and  suppose  the 
vector  measure  m:  Q  ^  E  satisfies  : 

i)  m  <  P  ; 

ii)  v(m,Q,p)  <  oo  ; 

Hi)  m  has  locally  relatively  compact  average  range  ; 
then  there  exists  a  function  f:Q-^E,  which  is  integrable  by  seminorm,  such  that 
m(A)  =   \  ^fdP  for  each  ^  G  S. 
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Proof. 

Corollary  3.6  shows  that  the  average  range  is  dentable.  Since  a  compact  subset 

of  a  complete  space  is  complete,  the  presence  of  relatively  compact  average  range 

implies  that  the  net  j^p|  I  converges.  The  follows  from  Theorem  1.2  ■ 

4.  Relatively  Weakly  Compact  Average  Range 

We  now  turn  our  consideration  to  the  case  of  a  locally  relatively  weakly  compact 
average  range.  To  obtain  a  Radon-Nikodym  theorem  we  need  the  following  preliminary 
results. 

Lemma  4.1:  Let  A  be  a  subset  of  E  and  let  A^  be  the  countable  subsets  of  the 
set  A,  then   co(A)  =  B,  where  B  is  the  union  of  the  convex  hulls  of  all  the  A^'s. 
Proof. 

Since  co(AJ  C  co(A)  for  each  a,  it  is  clear  that  B  C  ^(A).  To  show  the 
reverse  inclusion  let  x  E  c  o(A).  Then  the  point  x  may  be  written  as  a  countable 
sum,  X  =  EttiXi,  that  is,  x  is  a  convex  combination  of  elements  in  A.  Let  A„  = 
{xijXj,..},  then    co(A)CB.  Therefore    co(A)  =  B.  ■ 

Lemma  4.2:  If  a  set  D  C  E  has  the  property,  that  every  countable  subset  of 
D  is  dentable,  then  D  is  also  dentable. 
Proof. 

Suppose  D  is  not  dentable.  Then  there  exists  a  seminorm  p  €  T*   and  an 
e  >  0  which  are  dentable  limits,  that  is,  x  G  c  o(D\B  (x,e)),  for  all  x  G  D.  For  each 
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X  G  D,  there  is  a  countable  set  A^  C  D\Bp(x,e),  such  that  x  E  c  o(AJ.  This  follows 

from  the  following  argument. 

Let  D„  be  the  countable  subsets  of  D\B^(x,e).  If  x  G  D„,  then  by  the  previous 
lemma  we  are  done.  Otherwise  x  G  cl(B)\B,  where  B  is  the  union  of  the  convex  hulls 
of  the  D„'s.  There  exists  a  sequence  {x„}  where  each  x„  is  in  some  D„.  Let  A^  = 
{x„},  then  X  G  A^  C  co(AJ. 

Define  a  sequence  {An}  of  subsets  by  induction.  Pick  an  arbitrary  element  z  G 
D.  Let  Ai  =  {z}  and  A„  =  U  {A^:xGA„.i},  then  A2  =  A,.  Now  let  A  =  U  A„,  for 
n  =  1,2,...  The  set  A  is  countable.  Also,  for  any  y  G  A,  y  G  co(D\B^(y,e)). 
Therefore  A  is  not  dentable,  but  this  contradicts  the  hypothesis  that  every  countable  set 
is  dentable.  We  conclude  that  D  is  in  fact  dentable.  ■ 

The  following  is  from  p.  129  of  Conway  (1985). 

Lemma  4.3:  If  E  is  a  locally  convex  space  and  ACE  is  convex,  then 
cl(A)  =  wk-cl(A),  that  is,  the  closure  with  respect  to  the  seminorm  topology  is  the  same 
as  the  weak  closure. 
Proof. 

Since  the  weak  topology  is  coarser  than  the  seminorm  topology,  it  follows  that 
cl(A)  C  wk-cl(A).  To  complete  the  proof  we  show  the  reverse  inclusion.  Choose  an 
arbitrary  x  G  cl(A).  It  will  be  shown  that  x  ^  wk-cl(A).  By  the  Hahn-Banach  theorem 
there  is  a  linear  functional  x'  G  E',  a  constant  a  G  R  and  an   e  >  0  such  that 

Re<x',a>  <  a  <  a+e  <  Re<x',x>     for  all  a  G  cl(A). 
In  other  words   x'    separates   x   from   cl(A).  Hence 
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cl(A)  C  B  =  {yGE:  Re<x',y>  <  a}. 

But    B    is  weakly  closed  since    x'    is  weakly  continuous.  Thus  since    x  ^  B,  we 

conclude  that  x€wk-cl(A).  ■ 

The  next  result  follows  immediately. 

Corollary  4.4:  For  any  e  >  0  and  for  any  seminorm  p  E  !P, 
clfBJO.e))  =  wk-cl(BJO,e)). 

The  following  theorem  shows  us  the  important  relationship  between  relative  weak 
compactness  and  dentability. 

Lemma  4.5:  Let  K  be  a  subset  of  the  locally  convex  space  E  which  contains 
more  than  one  element.  If  K  is  relatively  weakly  compact,  then  K  is  dentable. 
Proof. 

As  a  result  of  Lemma  4.2,  we  can  assume  that  E  is  separable.  Also  assume  that 
the  subset  K  is  convex.  Let  e  >  0  be  given  and  fix  a  seminorm  p  G  T*.  Let  A  be 
the  set  of  extreme  points  of  K.  Let  {xj  be  a  dense  subset  of  E.  Baire's  theorem  tells 
us  that  if  a  compact  space  M  is  the  countable  union  of  sets  M;,  then  at  least  one  Mj 
contains  a  non-empty  open  set.  The  set  wk-cl(A)  is  weakly  compact,  because  the  closed 
subset  of  a  compact  set  is  compact.  Also  wk-cl(A)  =  [j  (wk-cl(A)  f]  ^pOkM'^))- 
Consequently,  there  exists  a  convex  weak  open  set  N  and  an  integer  i,  such  that  N 
n  wk-cl(A)  C  wk-cl(A)  n  B^(Xi,e/2).  Corollary  4.4  was  also  used  to  go  from  the  weak 
closure  to  the  closure  with  respect  to  the  original  topology. 

Thus,  there  exists  an  x  G  A,  such  that  x  G  N  and 
p— diam(N  f]  wk-cl(A))  <  e/2.  It  will  be  shown  that  this  point  x   is  suitable  to  show 
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the  dentability  of   K.  Let    Kj  =  co(K-N)    and    Kj  =  co(NnA),  these  are  both 

weakly  compact  and  convex.  Also 

We  have  that  p-diam(K2)  <  e/2  and  p-diam(Ki)  <  d,  where  d  =  p-diam(K). 
Assume  that  d  =/=  0.  Otherwise  we  would  have  p— diam(K)  =0  for  all  seminorms  p. 
This  would  contradict  the  fact  that  K  contains  more  than  one  element. 

Let  C  =  {Xx;  +  (l-X)Xi:  Xj  G  IQ,  e/4d  <  X  <  1}.  Then  C  D  Kj  and  is  weakly 
compact.  Suppose  yi  ,  y2  £  K\C,  then 

y^  =  X^x^^  +   {l-Xi)x/,         o<X.^-^,  xfeKj. 


Thus         pCyi-yg)    i\X^\p{xl-X2)   +p(x2^-X2^)    +  IX^lixl-xi) 

4d  2  Ad 


"    e. 

Let  Ni  =  N\C.  Nj  is  weakly  open,   x  G  Nj   since  x  ^  C  and 
p-diam(Ni  f]  K)  <  e.  Since  Ni  f]  K  C  B^(x,e),   x  ^  wk-cl(K\B/x,6)).  Also,  since 
x  is  an  extreme  point  of  K,  by  Corollary  3.2,   x^  co(K\B^(x,€)).  Therefore  K  is 
dentable.  ■ 

Finally  we  are  able  to  state  the  following 

Theorem  4.6:  Let  E  be  a  quasi-complete  locally  convex  space  and  suppose  the 
vector  measure  m:  Q  ^  E  satisfies  : 

i)  m  <  P  ; 

ii)   v(m,Q,p)  <  00  ; 

Hi)  m  has  locally  relatively  weakly  compact  average  range  ; 
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then  there  exists  a  function  f:  Q  ^  E,  which  is  integrable  by  seminorm,  such  that 

m(A)  =   \^fdP   for  all  A  G  E. 

Proof. 

By  Lemma  4.5  we  have  that  the  average  range  is  den  table.  The  hypotheses  of 

Theorem  2.4.  are  satisfied.  Thus  a  Radon-Nikodym  density  exists.  ■ 

5.  Additional  Results 

In  this  chapter  we  consider  certain  hypotheses  which  allow  us  to  apply  the  results 
of  the  previous  chapter.  In  general  we  discuss  conditions  on  the  average  range  which 
imply  the  assumptions  made  in  the  preceding  Radon-Nikodym  theorems.  In  other  words, 
we  seek  to  answer  the  question  -  "What  hypotheses  must  the  average  range  satisfy  to 
imply  the  existence  of  a  Radon-Nikodym  density?". 

Definition  5.1:  A  locally  convex  space  E  is  semi-reflexive  if  E  =  E" ,  when  E 
is  considered  as  a  space  of  linear  functionals.  And  E  is  reflexive  if  E  =  E"  and  the 
strong  topology  t^(E'  ,E")  coincides  with  the  original  topology  t.  The  strong  topology 
is  defined  more  precisely  in  Chapter  VI. 

Lemma  5.1:  Let  E  be  a  reflexive  locally  convex  space.  If  B  C  E  is  bounded, 
then  B  is  relatively  weakly  compact. 
Proof. 

See  Theorem  8,  p.69  of  Grothendieck  (1973).  ■ 
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The  previous  lemma  allows  us  to  determine  if  a  reflexive  space  possesses  the 

Radon-Nikodym  solely  in  terms  of  the  average  range  being  bounded.  As  a  result  we  have 
the  following. 

Theorem  5.2:  Let  E  be  a  reflexive  quasi-complete  locally  convex  space  and 
suppose  the  vector  measure  m:  Q  -*  E  satisfies  : 

i)  m  <  P  ; 

ii)  v(m,Q,p)  <  00  / 

Hi)  m  has  a  bounded  average  range  ; 
then  there  exists  afiinction  f:Q-^E  which  is  integrable  by  seminorm  such  that 
m(A)  =   \^fdP  VAGS. 
Proof. 

Since  the  average  range  is  bounded,  it  is  also  relatively  weakly  compact  by 
Lemma  5.1.  And  according  to  Theorem  4,  if  the  average  range  is  relatively  weakly 
compact  then  there  exists  a  Radon-Nikodym  density,  ■ 

6.  Radon-Nikodym  Theorem  for  the  Strong  Integral 

Now  we  state  when  a  locally  convex  valued  measure  possesses  a  density  which 
is  strongly  integrable. 

Theorem  6.1:  Let  E  be  a  locally  convex  space  with  the  countable  family  T  of 
continuous  seminorms  and  suppose  that  *  is  a  lifting  on  L.  If  m  is  an  E-valued  vector 
measure,  then  there  exists  a  strongly  integrable  function  f:^-^E  which  is  compatible 
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with  $  such  that  m(A)  =   \  ^fdP  for  each  A  El  T,,  if  and  only  if  there  exists  a  null 

set  Xq  C  fi  such  that : 

i)  m  <  P  ; 

ii)  v(m,Q,p)  <  oo  for  each  p  E  !P  ; 

Hi)  m  has  locally  small  average  range  ; 

iv)  the  net  {m(A)/P(A)}^^sM  converges  for  every  co  E  Q\Xo. 
Proof. 

Since  the  basis  of  seminorms  is  countable,  we  may  assume  that  they  may  be 
ordered  p(l),p(2),...  Also  it  may  be  assumed  that  p(i)  >  p(j)  if  i  <  j. 

Let  f  be  a  strongly  integrable  and  compatible  with  $   such  that 
m(A)  =   j  ^f  dP.  Theorem  4.6  of  Chapter  II  gives  us  that   m  <  P,  and   ii)   follows 
from  the  basic  properties  of  the  integral  since  v(^,F,p)  =   J  p  P(f)  dP  <  oo. 

Since  f  is  strongly  integrable  by  the  Pettis  theorem  proved  in 
Chapter  I,  for  each  seminorm  p(i)  E  'P  and  for  a  given  e  >  0,  there  exists  a  null  set 
Xo,^(i)  and  a  countable  set  D^^  =  {yn^©:  n=l,2,..}  C  Q  such  that 


n-l 


Let  A„,^(i)  =  f'(B^(i)(y„,^(i),e)),  then  Q\Xo,^(.^cU  \^^^j^.  Consequently,  if  P(A)  >  0  then 
there  ought  to  exists  a  set  A„_^(i)  such  that  P(AnA„,^(i))  >  0.  Now  let  A'  =  AflA^,^©, 
then   f(A')  C  B^(i)(y„^(i),e)   and  as  a  result  of  Lemma  1.1  in  Chapter  III, 


P{A)   ^ 

A 


ffdP  e  coif  {A)  ) 
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and  m(A')/P(A')  C  B^(,-)(y„^(i),e).  This  is  true  since 

a' 
Thus  m  has  locally  small  average  range. 

Let  Xq  =  U  Xo,^(i)  fori  =  12,..  Since  f  is  compatible  with   #  we  see  that  the  net 

{m(A)/P(A)}  converges  for  every  co  G  fl\Xo,  because  the  p -radius  of 

PiA)  P{A)    J 


A 


can  be  made  arbitrarily  small. 

In  order  to  complete  the  proof  we  define  the  function  f,  for  all   w  G  iiVX^,,  as 
follows 

^(0))    =    lim   ^<^) 


o-juiii r—  f 

Aesia)    P(A) 

It  will  be  shown  that  this  is  the  desired  density.  Begin  by  demonstrating  the 
existence  a  sequence  {4}  of  simple  functions  which  converge  pointwise  to  f  P-almost 
everywhere.  Let  p  =  p(l). 

Since  the  average  range  of  m  is  locally  small,  applying  the  exhaustion  lemma 
yields  a  partition  (A^^iX^Dei^  of  ^  P-almost  everywhere  with  A„(i)  G  E"^  and  a 
corresponding  sequence  {yn(i)}n(i)eN  >  such  that  the  m-ave(A„(i))  C  B(y„(i),l)  for  each 
n(l)  G  N.  Note  that  ($(A„(i)))  is  also  a  partition  of  Q  P-almost  everywhere.  Since 
m  <V, 
m-ave  ( $  (A)  )    =  (^{ly-  =  Ba^  (^)  1  =  f ^rff  =  ^^4     P-almost  everywhere. 

Consequently,    m-ave(*(A„(i)))  C  B^(y„(i),l)  for  each  n(l).  Let 
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Xi  =  E\U*(A„(i)),  where  the  union  is  over  all  n(l),  then  P(Xi)  =  0. 

Now,  for  each  n(l),  choose  a  partition  iKa)n(2))n(2)efi  of  $(A„(i))  P-almost 
everywhere  ,  with  A„(i)„(2)  £  S^  and  a  corresponding  sequence  {y„(i)„(2)}„(2)eN-  Also  the 
m-ave(A„(j)„(2))  C  B^(y„(i)„Q),l/2)  for  each  n(2).  Note  that  (HKmnQ)))  is  also  a 
partition  of  *(A„(i))  P-almost  everywhere  and  for  each  n(2) 

m-ave(*(A„(,)„(2)))  C  BXy.^,y,^^^/2). 
LetX2  =  U(*(A„a))\U*(A„a)na))).  then  F(X,)  =  0. 

Continue  this  process,  for  k  =  3,4,...,  of  partitioning  and  choosing  points  so  that 

for  each     n(k)     we  have  a  partition     (K^iy_,(^^^^ye^    of    HKa)..n(^-i))    P-almost 

everywhere  with  A„(i)..„(k)  G  E  +   and  a  corresponding  sequence   {y„(i)..„(k)}„(k)€N-  Also 

for  each  n(k)  m-&Ye(\^,^_,^^)  C  B^(y,^,y__,^^,Vk).  Also  note  that  ($(A„a)..n(k)))  is  also 

a  partition  of     *(A„(i)..„(k.i))     P-almost  everywhere  and     m-ave(*(A„(i)  „(k)))    C 

Bp(y„a)..„(t),l/k).  Let  Xk=U(*(A„(i)..n(k-i))\U*(An(i)..„oc))),  then  P(XO  =  0. 

Also  if  we  let  Xq  =  XqU  (IJXk),  then  P(Xo)  =  0.  Now  define 
^    m(a>(A^))  ^ 

f  -        f      ...     f       ^^^^^nil)..n(k)))    , 

For  notational  purposes  we  denote  this  sequence   {f^^}   by   {fi^k}.  Now  let 
p  =  p(2)    and  repeat  the  previous  construction  to  obtain  a  sequence    {£2,,}    of  simple 
functions.  Continue  this  construction  process  for  each  seminorm  p(i)  G  IP.  We  now 
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construct  a  sequence  {Q  of  simple  functions  by  using  a  diagonalization  argument.  Let 

4  =  fk,k-  It  will  now  be  shown  that  the  sequence   {4}   determines  f. 

Let  p  e  T*  be  arbitrary.  We  begin  by  showing  that,  for  each   co  E  0\Xo, 
lim  pif^ioi)  -r(a>)  )    =  0. 

To  show  this,  let  e  >  0  be  given  and  let  w  G  fi\Xo  be  arbitrary.  For  each  k  G  N 
there  exists  a  sequence  n(l),n(2),..,n(k)  of  integers  such  that  co  G  *(A„(i)..n(fc),p)- Now 
choose  an  integer  Kq  such  that  1/  Kq  <  e/4.  Let  K'  =  max  {n(l),..,n(Ko),Ko}.  As  a 
result,  if  k  >  K' 

Jr'KV  ^-^n(l)  ..n(k*l).p'  ' 

By  the  definition  of  f  there  exists  a  set   Aq  E  S(w),  such  that,  if  A  G  S(aj) 
and  A  C  Aq,  then  p(f(a3)  -  m(A)/P(A))  <  e/2.  Put  B  =  *(A„i..J  fl  Aq,  then 
B  G  S(w)  and  B  C  Aq.  So  we  have  p(f(x)  -  m(B)/P(B))  <  e/2.  Also,  since 
B  C  *(A„i..^,,),  we  have  m(B)/P(B)  G  m-ave(#(A„i..J).  Therefore 

P(^(")  -f„,.^M)    ^  p(^-^(co)j  +  p(-f||f -^p...i("))  ^  e. 

This  shows  that  4  converges  pointwise  to  f  outside  of  Xq.  In  other  words  f  is  strongly 
measurable.  Next  it  will  be  shown  that  for  each  AGS 

.j^dP  -  m{A)]  ^  0. 


lim  pUfj, 


Since  m  -^  P,  by  the  construction  of  4  we  have  the  following 
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/ 


.(^-1    .(^-1  p(AnoK,„..,(^,))  "^^ '^ ^"-<^> ■  -<^> ^ ^ ^ 


k. 


mU\    U    ••     y    ^(A„(x)...(ic)))     -0      ask-o.. 

n{l)-l        nlk)-l  ) 


-    P 

This  is  a  result  of  the  fact  that  by  construction  of  the  partitions 


k-"»  n(l)-l        n(Jc)-l 


To  complete  the  proof  it  will  be  shown  that 

lim  fp(f-fj^)  dP  =  0. 

k~«>    J 

By  Fatou's  lemma  the  following  inequalities  hold 

lim  rp(f-f^)  dp  ^  Tlin  f  limp  (f  .-fj^)  dP 

5  limlim  fpif.-fj^)  dP 
^limlim/"^  dP  ^  Tim-^  =  0. 

Since  p(fj  -  fk)  <  1/k  when  j  >  k.  Therefore  it  has  been  shown  that  f  is  strongly 
integrable  and  that  m(A)  =   |  a  f  dP  for  each  AGS. 

The  compatibility  of  f  with  $  follows  from  the  definition  of  f.  This  is  a  result 
of  the  net  in  hypothesis  iv)  converging  almost  everywhere.  This  completes  the  proof.  ■ 

Note  that  the  countability  of  the  system  of  seminorms  appears  to  be  a  necessary 
condition.  Without  that  assumption,  the  fact  that  m  has  a  locally  small  average  range 
may  not  imply  the  existence  of  the  density.  If  we  continue  to  assume  that  the  basis  of 
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seminorms  is  countable  many  results  analogous  to  those  derived  in  the  previous  chapter 

will  follow  quickly.  An  additional  result  is  the  following. 

Corollary  6.2: .  If  the  locally  convex  space    E    is  metrizdble,  in  particular  a 
Frechet  space,  the  previous  Radon-Nikodym  theorems  hold  and  the  density  is  strongly 
integrable. 
Proof. 

Suppose  that  E  is  a  metrizable  space.  Since  E  is  metrizable,  the  topology  of 
E  can  be  generated  by  a  countable  basis  of  seminorms.  If  the  other  hypotheses  of 
Theorem  6. 1  are  satisfied,  the  existence  of  a  Radon-Nikodym  density  is  assured.  ■ 

7.  Unresolved  Problems 

There  are  still  questions  which  remain  unanswered.  What  other  useful  conditions 
on  the  average  range  will  yield  a  Radon-Nikodym  density?  Is  it  possible  to  consider  these 
problems  from  a  operator  theoretic  viewpoint,  as  can  be  done  for  the  Bochner  integral? 
It  would  be  significant  to  obtain  criteria  for  a  strongly  integrable  Radon-Nikodym  density 
for  a  locally  space  which  is  not  generated  by  a  countable  family  of  seminorms.  This 
would  allow  applications  to  more  abstract  locally  convex  spaces.  Additional  unresolved 
problems  shall  be  posed  at  the  end  of  Chapter  VI. 


CHAPTER  V 
THE  INTEGRAL  OF  DANIELL 


1.  The  Integral  of  Volkmer  and  Weber 

The  principle  of  Daniell  has  been  applied  to  locally  convex  spaces  by  Volkmer 
and  Weber  (1982)  and  (1984).  A  summary  of  their  approach  will  be  presented.  Then  it 
will  be  applied  to  the  particular  setting  we  are  concerned  with  in  this  discussion.  Finally, 
to  develop  our  theory,  the  relationship  between  the  strong  integral  and  the  Daniell 
integral  will  be  examined. 

Given  two  sets  A  and  B,  we  will  denote  the  set  of  all  mappings  from  A  to  B 
by  Sr{K,^).   Before  proceeding  we  recall  the  following  definitions. 

Definition  1.1:  An  ordered  vector  space  is  a  vector  lattice  if  any  two  elements 
X  and  y,  in  the  space,  have  an  infimum  x  A  y  and  a  supremum  x  V  y  which  are  also 
elements  of  the  space. 

Definition  1.2:  For  a  vector  lattice  S' in  .^(Q,R)  a  function  ||  ||  :S'-*[0,oo]  is 
called  an  upper  norm  if 

a)  loll  =0; 

b)  \oi(f>\  =  \(x\  II  \4>\  II    for  a  ?^  0  and   0  G  S'  ; 

c)  ||0i+<^2||   <   ll^iil  +  II02II    when    Ui+<^2|    <   U,  |   +   Ual- 
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In  order  to  define  an  integral  we  make  the  following  assumptions  which  will  be 

denoted  by  (Al): 

E  and  F  are  locally  convex  spaces  with  topologies  generated  by  the  systems  of 

seminorms   (pj,  ^  f^  and  (qj^  g  f^  respectively;  F  is  complete  and  Hausdorff;  S 

is  a  linear  subspace  of  ^(Q,E)   and  io:S^F  is  a  linear  map;  to  each   v  E  N 

there  corresponds  an  upper  norm    \\   \\,;  ^(Q,R)  -»  fO,ooj;for  each  g  E  S, 

V  e  N,  the  map  io  satisfies  qjio(g))  ^  \\p,<^gh  <  °°- 

The  objective  is  to  integrate  E-valued  functions  and  to  obtain  an  integral  which 

will  be  F-valued.  Let  T  =  {h  G  ^(n,E)  :  for  all  »^  G  N,  ||p,  oh||,  <  oo}.  Clearly  T 

is  a  subspace  of   ^(Q,E)    which  contains    S.  The  collection  of   \||p,(")llrleN    is  a 

system  of  seminorms,  on  T,  which  yields  in  a  locally  convex  topology.  Let  I  =  S,  the 

closure  with  respect  to  this  topology.  By  the  last  part  of  the  assumptions    (Al),    i^   is 

continuous  with  respect  to  this  topology.  Therefore  there  exists  a  unique  continuous 

linear  extension  of  ig,  i:  I  -»  F.  The  elements  in  I  are  called  the  integrable  functions. 

2.  Extensions  of  Upper  Norms 

We  now  consider  how  an  upper  norm  defined  on  a  vector  lattice  S'  can  be 
extended  to  a  larger  class  of  functions.  Even  though  this  technique  is  carried  out  in  a 
more  abstract  context,  the  idea  will  be  to  come  down  on  the  arbitrary  functions  with 
"measurable"  functions.  Since  each  measurable  function  is  the  limit  of  a  monotone 
sequence  of  increasing  simple  functions,  we  will  approach  the  measurable  functions  from 
below  with  simple  functions. 
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Definition  2.1:  Let    ||   ||o:S'-^[0,oo]  be  an  upper  norm.  The  extension  of   ||   ||o 

to    ^(Q,R)  is  called  the  Lebesgue  upper  norm  and  is  given  by 

ll(|)lli  =  inf{sup{l}^ X-  0^^ ^^1^2^'",  sup  i|r^^  \<^\,  i|r^e50. 

We  begin  by  verifying  that  the  function  just  defined  is  in  fact  an  upper  norm. 

Proposition  2.1:    ||    ||  ^^  is  an  upper  norm. 
Proof. 

The  positive  homogeneity  follows  from  the  facts  that  0  G  S'  and  scalars  can  be 
brought  out  of  the  inf  and  sup  and  ||  ||  o  is  positive  homogeneous.  To  show  the 
subadditivity  let  <t>i,(l)2  E  ^{Q,R)  be  arbitrary.  If  ||<Ai||l=o°  or  ||02||l  =  «»,  we 
are  done.  Otherwise  the  subadditivity  follows  from  the  subadditivity  of    ||    ||o,  as  the 

following  shows 

ll(t)Jli  +  Hi^h  "  inf  {sup  llv|f  JqI  .  .  ^I(|)J  }  +  inf{sup  lli|;  Jq:  .  .  ^\^^\  ) 
^  infisup  111];  Jig  :  .  .  ^I(j)j^+<l)2l  } 
=  M>^  +  (tjl^.   ■ 

Different  extensions  may  be  obtained  may  be  obtained  by  changing  the  cardinality 
of  the  sets  of  "simple"  functions,  see  p. 37,  Volkmer  and  Weber  (1984).  We  now  define 
an  appropriate  upper  norm  on  S'  ,  which  can  be  extended  to  enable  us  to  obtain  the 
desired  integral. 

Definition  2.2:  Let  S  be  a  linear  subspace  of  ^(fi,E)  and  let  io:  S  ^  F  be  a 

linear  map.  For    cj)  E  .^(0,R)    and  for  seminorms    p    and    q    on    E    and    F 

respectively,  the   (p.q)  - semivariation  of  4>  with  respect  to  io  is  given  by 
(p,  g)  -ll4)llo   :  =  sup  igdo  ig-)  )  :  geS,  p'>g<.\^\}. 
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In  essence,  the  semivariation  connects  the  two  spaces  together  via  the  map   io. 

The  next  result  follows  immediately. 

Proposition  1.1:   qdofg))  <  (p,q)-\\po  g\\o  M  g  E  S. 

Proof. 

(p,  q)  -\\p°g\\o  =  sup  igiio  (h) )  :  hes.  p°h<.p°g}  =  gii^  ig))  .  ■ 

Definition  2.3:  The  linear  map  io  is  said  to  be  of  finite  semivariation  if  for  each 
seminorm  q  on  F  there  exists  a  seminorm  p  on  E  such  that  (p,q)-||i/'||o  <  °°  for 
all  lA  e  S'. 

3.  The  Bilinear  Integral 

We  now  apply  the  previous  discussion  to  obtain  a  bilinear  integral.  Let  E  and  F 
be  locally  convex  spaces  with  topologies  generated  by  the  systems  of  seminorms  (p„),eN 
and  (q,),  g  n  respectively;  F  is  complete  and  Hausdorff;  S  is  the  family  of  simple 
functions  in  ^(Q,E)  and  Iq:  S  ->  F  is  a  linear  map.  S'  is  the  collection  of  real- valued 
simple  functions. 

Additionally,  we  assume  that  the  map  io  of  finite  semivariation.  Consequently, 
for  each  i'  G  N  we  can  choose  a  seminorm  p,  such  that  (p„q„)- 1|  Ho  is  a  finite  upper 
norm  on  S'  which  can  be  extended  to  an  upper  norm  on  ^(Q,W).  As  a  result  of 
Proposition  2.2,  the  assumptions  of  (Al)  are  satisfied  so  T,  I  and  i  can  defined  as 
previously  described.  And  we  write  i(f)  as  j  f  dP  for  f  G  I.  The  bilinear  integral 
shall  be  considered  more  extensively  in  Chapter  VI. 


••a  1 1>— -^^.-ci-  m-u  iiunsn'.- = 
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4.  Special  Case  of  the  Daniell  Integral 

In  this  section  we  apply  the  integration  theory  to  complete  locally  convex 
Hausdorff  space  E  with  respect  to  a  probability  measure  P.  We  also  make  the 
assumptions  that  E  =  F  and  that  the  topology  is  generated  by  the  family  of  continuous 
seminorms  5*.  Assume  E  is  a  sigma  algebra  on  fi.  In  this  case  S  is  the  family  of  E- 
valued  simple  functions  and  S'  is  the  family  of  R- valued  simple  functions.  We  let 
ig:  S  -♦  F  be  the  linear  map  defined  by  ioCUy)  =  P(A)y  ,  where  AGS  and  y  G  E. 
For  each  v  E  N  let  ||  || ,  be  the  Lebesgue  upper  norm.  The  following  result  will 
enable  us  to  apply  the  discussion  of  the  previous  section. 

Proposition  4.1:   ig  is  of  finite  semivariation. 
Proof. 

Fix  a  seminorm    p  E  "P.  Let    ^  E.  S'    be  an  arbitrary  real- valued  simple 

function.  We  have  the  following 

(p,p)-lli|fllo  =  supip  (io(gr)  :  geS,    p°grd\|rl} 

=  sup{p(£p(^^)y^:    2lP{A^)y^-gGS,    p°g^\-^\s 

i-l  i-1 

<,  supip  (y^)  :   p  (y^)  <.supi«f\s 

The  finiteness  is  a  result  of  ^  being  simple.  ■ 

The  assumptions  of  (Al)  are  satisfied  so  T,  I  and  i  can  defined  as  previously 
described.  And  we  write  i(f)  as  J  f  dP  for  f  G  I.  If  f  is  an  element  of  I  we  say  that 
it  is  Daniell  integrable. 
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5.  Relationship  between  Strong  and  Daniell  Integrals 

In  this  section  it  will  be  shown  that  any  function  which  is  strongly  integrable  is 
also  an  element  of  I.  We  will  need  the  following  lemmas  to  obtain  the  desired  result. 
Lemma  5.1:  Let  g  be  a  simple  E-valued  function.  For  each  p  G  !P 

(p,p)-llp='g||g    <.  jpogdP. 

Proof. 

Fix  a  seminorm  p  G  IP.  Let  g  be  an  arbitrary  simple  function.  By  the  definition 

of  the  semivariation  we  have 

(p,  p)  -llp°g^lo  =  sup  {p  (ig  ih) )  :  p°hip°g,  hes) 

=  sup  {p(io(I)y^l^.)  )  :  poh<.pog,  h-  l^y^l^  es} 

i-l  ^  i-1  "■ 

-  sup  {p{T.P{A^)yj^:  p°h<.p°g,  hE^ 

i-l 

<.  sup  {£p(Aj)  p  (y^)  :  p°h<,p°g,  ties) 

-  sup  {lp°hdP:  p°h<,p°g,  hes) 
"  \p°gdP  . 

We  now  demonstrate  the  relationship  between  the  Lebesgue  upper  norm  and  the 
semivariation. 

Lemma  5.2:  Let  ^  E  S'  be  nonnegative,  then  for  each  p  G  !P 

m,  ^   (p,p)-llTllo. 

Proof. 

Fix  a  seminorm    p  G  IP.  Let    ^    be  arbitrary.  By  the  definition  of  the  upper 

norm  we  have 

llYll^  =  ii2f{sup{  (p,  p) -liTlr^llg:  O^ti^'I'z^"'' sup  i|r„^  iTl,   y^„eS^). 
<.  sup  {(p,p)-IIYIIq:  O^TiT:S-",  supW^W} 
=    (p,p)-llYll,.     ■ 
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As  a  result  of  the  previous  two  lemmas  we  have  the  following. 

Theorem  5.3:  Let  h  E  S,  then  for  each  p  E  T  we  have 

Ilp°i3ll^  <.  fp°h  dP. 
Proof. 

This  follows  immediately  since 

Ilp°i2ll^  £   (p,p) -llp°Allo  ^  lp°hdP.     ■ 

Definition  5.1:  For  notational  purposes  we  define  the 
following  upper  norm  which  will  be  called  the  intermediate  norm 

11(1)11-    =    sup  {lll|f^llo:  0<.^^<.T^2^"''^^P  ^ n^  '4>IJ- 

Lemma  5.4:  Let  4>  be  a  nonnegative  measurable  Junction,  then 

ll(|)ll^  =  ll(|)ll- . 

Proof. 

Since  each  measurable  function  is  the  limit  of  an  increasing  sequence  of  simple 

functions  we  need  only  consider  measurable  functions  which  "come  down"  from  above 

the  function.  By  definition  we  have 

ll<t)ll^  =  infill  :i|r^(l)}. 

Where  the  infimum  is  taken  over  all  measurable  functions  i^.  Clearly  if  ^  >  0  then 

lltll-  ^\\4>\\-. 

From  this  monotonicity,  the  desired  result  follows.    ■ 

The  ability  to  substitute  the  intermediate  norm  for  the  Lebesgue  norm  in  the  case 
of  measurable  functions  enables  to  obtain  the  next  result. 
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Theorem  5.5:  Iff  is  strongly  integrable  and  the  sequence  {fj  determines  f,  then 

for  each  p  E  !P 

lip  of  II,  i  lim  llp°f^ll,  , 

where    \\   \\ ,  is  the  Lebesgue  upper  norm. 
Proof. 

In  light  of  the  preceding  lemma  it  is  only  necessary  to  show  that  the  desired 
inequality  holds  for  the  intermediate  norm.  Let  p  be  an  arbitrary  seminorm.  Also  define 
the  following  functions,   h„  =  p(fj  and  h  =  p(f). 

Initially  consider  the  case  where  h„  /  h.  Let  0„  ^  /  h„  and  lAt  /*  h  be  simple 
R-valued  functions.  Then  we  have 

Therefore  the  Monotone  Convergence  Theorem  yields 

lim  llh^ll^  =  lim  lim  {/i|r^,;,dP:  ^n^^^^h^] 

il-.oo  ji-oo    k-a> 

=  lim  f/limf^,^dP:  ^^.k^hA 

=  lim  (h^dP 

=  sup  sJh^dP:  h^^h] 

This  proves  the  result  for  the  monotone  case. 

We  now  consider  the  general  case,  that  is,  the  sequence  of  functions  {h„}  may 
not  be  monotonic.  Let  gn  =  inf  h^,  where  the  infimum  is  taken  over  k  >  n.  Then  the 

sequence   {g^}  is  monotonically  increasing  and 

lim  g^  =  liminf  h^  . 
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By  the  preceding  argument  for  the  monotone  case  we  have 

llliminf  A^ll£-  =  lim  Itgjif  -  liminf  ihjif 


Finally,  this  is  equivalent  to 

lip  (f)  11^-^  limllp(/„)ll^-. 

n-"» 

And  the  proposition  is  proved.    ■ 

The  previous  results  enable  us  to  show  the  relationship  between  functions  which 
are  strongly  integrable  and  those  which  are  Daniell  integrable. 

Theorem  5.6:  If  f  is  a  strongly  integrable  Junction,  then  f  is  also  Daniell 
integrable. 
Proof. 

Let  p  be  an  arbitrary  seminorm.  Let  {4}  be  a  sequence  that  determines  f.  It 
will  be  shown  that  f  is  the  limit  of  this  sequence  of  simple  functions  with  respect  to  the 
topology  generated  by  the  family  ( ||  p,(-)  || ,  i,eN  of  seminorms. 

By  the  previous  proposition  and  Proposition  5.3  we  have 

limllp(r-f„)ll^  s  limlimllp(f„-f„)ll, 

<,  limlim  fp{f^-f,J  dP 
=  0. 

Therefore  f  is  in  I,  the  closure  of  the  space  of  simple  functions.  In  other  words  f  is 
Daniell  integrable.  ■ 


CHAPTER  VI 
A  BILINEAR  INTEGRAL 


L  Bilinear  Integration  for  Banach  Spaces 


The  objective  of  this  chapter  is  to  define  a  bilinear  integral.  In  other  words,  we 
would  like  to  integrate  a  vector-valued  function  with  respect  to  a  vector-valued  measure. 
We  begin  by  considering  the  problem  for  two  Banach  spaces.  We  will  then  study  the 
problem  of  when  this  technique  will  work  for  locally  convex  spaces.  The  motivation  for 
this  section  is,  in  part,  due  to  the  bilinear  integral  developed  by  Brooks  and  Dinculeanu 
(1976)  for  Banach  spaces  and  by  Brooks  for  nuclear  spaces. 

Let  E  and  F  be  Banach  spaces  and  let  E  be  a  a-algebra  of  subsets  of  a  set 
n.  Suppose  that  m:  E  -*  L(E,F)  is  a  countably  additive  measure.  L(E,F)  is  the  set  of 
continuous  linear  maps  of   E    into    F.  The  topology  on    L(E,F)     is  defined  by  the 

following  norm  on  elements  T  G  L(E,F), 

llrll  =  sup  \T{x)\p. 

Definition  1.1:  For  each  set  AGS,  the  semivariation  itIe^f.   is  defined  by 

m^piA)   =  sup    'Em{Aj^)x^     , 

i-l  E. 
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where  the  supremum  is  taken  over  all  finite  families     {Aj     of  disjoint  sets  in    E 

contained  in  A  and  all  finite  families   {x;}   of  elements  from  E  with  |  Xj  |e  ^  1. 

We  assume  that  itIe^fCA)  <  oo   for  all  A  G  2.  For  each  linear  functional 
z  €  F',  define  a  measure    m^:  E  ^  E'    by     {x  ,  m^A)}    =     {m(A)x  ,  z)  ,  This 
measure  will  enable  us  to  define  an  integral  with  respect  to    m    by  associating  to  an 
integral  which  has  already  been  defined  for  n\. 

Lemma  1.1:  For  each  ^   €  E,     ^^^^^    "  ^,^f  '^-'<^^  " 
Proof. 

This  follows  from  the  definitions  and  the  Hahn-Banach  theorem  as  the  following 
shows. 


^E.F  (^)      =    ^UP    sup 


i-i  p 

-  sup  sup  \{l,  in{Aj^)  Xj^ ,  z)\ 

AjcA    Izlsl      i-1 

-  sup  \mj  (A)  .     ■ 


izkl 


As  a  result  of  this  lemma  and  our  previous  assumption,  we  can  conclude  that 
I  m^  1(A)  <  <x    for  each   AGE.  We  now  show  that  the  countable  additivity  of  m^ 
follows  from  the  fact  that  m  is  countably  additive. 

Lemma  1.2:  The  set  function  m^  is  countably  additive  on  E. 
Proof.  Let   {A;}   be  an  arbitrary  sequence  of  disjoint  sets  in  S.  For  each  x  G  E  and 
z  G  F'   the  following  holds 


{m^ 


Vi-i     / 


,  x)  -  (  E  m{A^)  X,  z) 

i-l 

OO 

=   E  {m(Ai)x,  z) 


i-l 
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i-l 

=  {Y,  m^<,A^)  ,  x) . 


i-l 


This  shows  that  m^  is  countably  additive.    ■ 

The  unit  ball  in  a  space  F  is  denoted  by  Fj.  Let  N  =  {  |  m^  | :  z  E  F/  }.  For 
each  function  f:  0  -*  E,  which  is  N— measurable,  that  is,  measurable  for  each  measure 
in  N,  define  the  seminorm 

7  p{f)    =  sup  \\f\  dm\. 


"^E. 


Let  Se(S)  denote  the  space  of  simple  E-valued  functions  and  let  FgCmE  p)  be  the 
set  of  functions  which  are  N-measurable  and  mE,F(f)  <  °°  •  The  closure,  with  respect 
to  mgj,  of  Se(S)  in  FE(mE,F)  is  denoted  by  LE^(mE,F)-  Suppose  that  f  is  |mj,|- 
integrable  for  each  z  G  F'.  The  mapping  Z{.  z  -»  j  f  dm^  is  a  functional  from  F' 
to  R,  The  integral  \  f  dm^  is  the  integral  developed  in  Chapter  II  of  Dinculeanu 
(1967).  This  mapping  may  also  be  denoted  by  j  f  dm.  We  now  show  that  this  mapping 
is  an  element  of  F". 

Theorem  1.3:  The  mapping  Jf  is  linear  and  continuous  for  each  f  E  Lj(mEp). 
Proof. 

Let    g    be  an  arbitrary  simple  function  in    Se(S)    and  let    Zj,  Zj  G  F'    be 
arbitrary.  We  have 


-ft.. 


Aj^  Z^  +  ^2 
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i-l 

=   t.{m{A^)a i,  z^)  +   'L{m{A^)ai,  zj 

1-1  i-l 

Since  the  simple  functions  are  dense  in  LE^CmE^p),  the  linearity  for  an  arbitrary  function 
f  €  Le'ChIe  f)   will  follow  from  the  continuity  of  the  mapping. 

We  now  show  that  the  mapping  is  continuous.  The  following  inequalities 

\jf\  -  sup  \{z ,  jJ\ 


=  sup     f  fdm 

Izkl    I  J 

<.  supfl  f  I  dim, I 


demonstrates  the  continuity  of  the  mapping.    ■ 

2.  A  Bilinear  Integral  for  Locally  Convex  Spaces 

Throughout  this  section  we  assume  that  E  is  a  reflexive  nuclear  space  and  we 
assume  that  the  dual  E'  is  also  nuclear.  Whenever  we  refer  to  the  dual,  it  will  be 
understood  to  be  the  strong  dual.  The  strong  dual  is  defined  by  the  topology  induced  by 
uniform  convergence  on  bounded  subsets  of  E.  Let  F  be  a  locally  convex  Hausdorff 
space. 

A  subset   A  of  E  is  said  to  be  balanced  if  for  every  x  G  E  and  every 
X  G  [-1,1],  we  have  Xx  G  A. 


96 
Definition  2.1:  Let  U  be  a  convex  balanced  bounded  subset  of  E.  The  Hilbert 

space  E(U)  is  the  completion  of  the  quotient  space  E/py.  The  norm  is  the  Minkowski 

functional  given  by,   pu    =   inf  {  X  :  x  G  XU  }. 

Definition  2.2:  Let  {E„}  be  a  family  of  locally  convex  spaces.  Suppose  that  for 
each  a,  there  exists  a  linear  map  (j>„:  E  -^  E„.  Equip  E  with  coarsest  topology,  such 
that  all  these  mappings  are  continuous.  E  is  called  the  projective  limit  of  the  spaces  E„. 

From  the  theory  of  nuclear  spaces,  see  Chapter  4  of  Cristescu  (1977),  there  exists 
a  basis  U  of  convex,  closed  and  balanced  neighborhoods  of  the  origin  such  that  E  is 
the  projective  limit  of  the  real  Hilbert  spaces  (E(U))u6u-  Suppose  that  f  is  a  bounded 
E— valued  function.  The  fact  that  E  is  the  projective  limit  of  Hilbert  spaces  enables  us 
to  define  an  integral  by  means  of  a  bilinear  integral  which  exists  for  Hilbert  spaces. 

Recall  that  the  polar  A°  of  a  set  A  is  the  set 
A"  =  {  x'  e  E'  :  <x',x>  <  1,  for  all  x  G  A  }.  For  each  set  U  G  U,  the  polar  U" 
is  bounded  in  E'  and  the  set  {U°:  U  G  U}  is  a  fundamental  system  of  bounded  sets 
containing  the  origin  in  E'.  For  any  subset  B  C  E,  the  span  of  B  in  E  is  denoted  by 
E[B].  The  topology  of  E[B]  is  defined  by  taking  the  multiples,  aB,  of  B  for  a  >  0. 
The  following  result  will  be  used  on  several  occasions. 

Theorem  2.1:  For   U  E  tj,  (E(U))'  =  E'fCfj. 
Proof. 

Let  U  G  U  be  arbitrary.  Suppose  that  x  is  an  arbitrary  element  in  E  and  x 
is  the  corresponding  equivalence  in  E(U).  For  each  linear  functional  y  G  E'[U'']  we 
define  a  linear  functional  y'   on  E(U)  by 
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{x,  y')  -  (x,  y)  . 

The  norm  on  y'   is  given  by 

Ml  -  sup{lx.yl'.x€Tj) 

Since  all  linear  functionals  y'  G  (E(U))'  can  be  obtained  in  this  way,  we  can  identify 
E'[U<^   and  (E(U))'.    ■ 

The  significance  of  the  preceding  theorem  is  that  it  assures  us  that  E'[U°]  is  a 
Hilbert  space,  since  E(U)  and  its  dual  are  Hilbert  spaces.  The  duality  between  the 
spaces  will  also  be  exploited. 

Definition  2.3:  Let  m:  S  ^  L(E',F)  be  a  countably  additive  measure.  For 
z  E  F',  define  a  measure  m^:  S  -♦  E  by     <x'  ,  m^jCA))   =  <m(A)x'  ,  z)  . 

Assume  that  f:  Q  ^  E'  is  bounded  and  measurable.  Since  f  is  bounded,  there 
is  a  neighborhood  U  G  U,  such  that  f(n)  C  U°.  Consequently,  f(fi)  C  E'CU*^.  Note 
that  the  neighborhood  U  depends  on  the  function  f.  Since  f(n)  C  E'[U°]  and  (E(U))' 
=  E'CU"^  it  follows  that  f(Q)  C  (E(U))'.  Hence,  in  order  to  define  \  f  dm^,  the  only 
values  of  the  measure  m^  of  consequence  are  those  linear  functionals  which  act  on 
(E(U))'.  In  other  words,  without  of  loss  of  generality,  we  may  assume  that 
m,(2:)  C  (E(U))"  =  E(U). 

Definition  2.4:  The  integral    j  fdm  is  the  mapping  from  F'  to  R  defined  by 
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This  mapping  may  also  be  denoted  by  Jf.  The  integral    J  f  dm^  is  the  bilinear  Hilbert- 

spaced  integral  mentioned  in  the  previous  section. 

We  want  to  show  that  the  integral  is  well  defined.  In  other  words,  the  value  of 
the  integral  is  independent  of  the  neighborhood  U  which  was  fixed  through  out  the 
discussion.  Suppose  that  V  is  another  neighborhood  in  U,  such  that,  f(Q)  C  U°  C  V°. 
This  inclusion  also  holds  for  the  respective  spans,  thus  E'[U'^  C  E'[V^.  This  implies 
that  f(fi)  C  E'[V°]. 

Since  E  is  reflexive,  by  Theorem  2.1,  (E'lY^)'  =  E(V)  and  (E'[U°])'  = 
E(U).  Also,  there  is  a  correspondence  between  elements  in  the  duals  of  E'[U°]  and 
E'[V*].  To  demonstrate  this,  select  an  arbitrary  y'  G  E(V),  then  the  restriction  of  y' 
to  E'[U°]  is  an  element  of  E(U).  Conversely,  choose  an  arbitrary  x'  G  E(U).  By  the 
Hahn-Banach  theorem  is  an  extension  of  x'  which  is  an  element  of  E(V).  This  shows 
that  the  values  of  the  function  and  the  measure  will  agree.  Hence,  the  integral  will  be 
consistent. 

Theorem  2.2:  Let  f  and  g  be  bounded  and  measurable  functions.  For  any 
scalars   a,^  G  1,     J  (af+^g)   dm  =  aff  dm  +  ^  f g  dm  . 
Proof. 

Let  f  and  g  be  bounded  arbitrary  bounded  and  measurable  functions.  Let  a 
and  i8  be  arbitrary  scalars.  Then  af  +  jSg  is  a  bounded  and  measurable  function. 
Hence,  there  exists  a  neighborhood  W  G  U,  such  that,  (af  +  ^g)(Q)  C  W^. 
Consequently  ,  the  integral     |   (af  +  /3g)  dm   exists.  Let   z  G  F'   be  arbitrary.  The 
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linearity  of  this  integral  will  result  from  the  linearity  of  the  bilinear  integral  with  respect 

to  the  measure  m^,  as  the  following  shows. 

izJiaf+^g)    dm)  =  |(af+Pgr)    dw^ 

-  iz , alfdm)  +  iz,  ^fgdm) 

-  \z ,  alfdm  +  ^!gdm) . 

Since  z  was  arbitrary,  we  conclude  that    j  (af  +  j8g)  dm  =  a  j  f  dm  +  jS  \  g  dm. 
This  shows  that  the  integral  is  linear,    ■ 

Definition  2,5:  Let  T  C  F'  be  a  bounded  set.  For  seminorms  p  and  r  on  E' 
and  E  respectively,  we  define  the  following  seminorm,  which  may  be  infinite, 

N^,r,T(f)    -  sup  f\  f\p  d\mj^. 

We  would  now  like  to  determine  when  the  integral  is  a  continuous  mapping.  This 
is  equivalent  to  showing  that  there  exists  a  bounded  neighborhood  W  of  the  origin  in 
F,  such  that 


sup  \{z ,  !fdmj\  < 

zew° 


The  following  inequalities 


sup  l(z,  I  fdm)\  -  sup     f  fdm 

^  sup  f\  f  I  d\mj 


show  that  the  mapping  will  be  continuous  if  Np,w-(f)  <  ^-  Hence,  we  can  conclude 
that    j  f  dm  £  F"   if  there  exists  a  neighborhood  W  of  the  origin  in  F',  such  that 
Np,r,w(f)  <  °°  •  Additionally,  if  F  is  reflexive,  this  condition  will  imply  that 
\   f  dm  G  F. 
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Theorem  2.3:  For  a  simple  function  g  G  S^-O^),  the  integral    j  g  dm  E  F. 

Proof. 

Let  g  be  an  arbitrary  simple  function  which  may  be  represented  by 


9 

-t,-.w 

The  element 

Ea^ 

m(Ai) 

is  in  F.  Let 

z  E  F'  be  arbitrary. 

We  have 

iz, 

Igdm) 

=  jgdm^ 

J  i-l             "■ 

-   L,ajm.{AA 

i-l 

=  £  (z,  a  j^miA^) ) 

i-l 

=  {z ,  lla  j^miA^) ). 

i-l 


Since  z  was  arbitrary  and  F'   is  Hausdorff,     j   g  dm    =  S  «;  m(Ai)  G  F.    ■ 

Fix  a  bounded  set  T  C  F'.  The  set  Lg-^CNprj)  is  the  closure,  with  respect  to 

Npr,T,  of  the  space  of  simple  functions    Se'(S).  We  shall  now  demonstrate  conditions 

which  will  insure  that  the  integral    J  f  dm  will  be  an  element  of  F, 

Theorem  2.4:  Let  F  be  weakly  sequentially  complete.  If  f  E  LE.*(Np_rj)  for 

each  bounded  set    T  C  F',  then    \  f  dm  E  F. 

Proof. 

Suppose  that    f„    is  a  sequence  of  simple  functions  which  converge  to    f    in 

Le'^Nprj)    for  each    T  C  F'.  Let    T    be  an  arbitrary  bounded  set.  Consider  the 

following, 
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sup  \{z,  i  fj,dm  -  Ifdm}\  -  sup  \{z ,  ff^-f  dm}\ 

ZST  zeT 

-  sup  \!  f^-  f  dm  J 

zeT 

<  sup  f\  f„-f\  dim  J 

zeT   J 

Hence,   |   fn  dm  converges  weakly  to    j   fdm  in  every  bounded  subset  of  F'. 

The  following  inequalities  show  that   {  1   f^  dm}   is  a  weak  Cauchy  sequence, 

sup  \{z,  ffjjdm  -  ! f^dm)\  =  sup  \{z ,  I f^^- f  dm  +  {z ,ff^-f  dm}\ 

ZET  Z^T 

By  Theorem  2.3,  we  have  that  the  integrals    j  f„  dm  are  elements  of  F.  Since  F  is 
weakly  sequentially  complete,  there  exists  an  element    |  g  dm   G  F,  such  that 

j    f„  dm    converges  weakly  to     j    g  dm    in    every  bounded  subset  of   F'.  By  the 
uniqueness  of  the  limit  we  have  that    \   f  dm  =   \  g  dm.  Hence,  we  conclude  that 

J  f  dm  G  F.    ■ 

We  conclude  by  stating  some  unresolved  problems.  Are  there  conditions,  besides 
those  hypothesized  in  Theorem  2.4,  which  will  insure  that  the  integral  will  be  F-valued? 
A  significant  development  would  be  to  define  a  bilinear  integral,  as  we  have  done  here, 
in  the  case  where  E  and  E'   are  not  necessarily  nuclear. 
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